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LINK COBORDISMS AND FUNCTORIALITY IN LINK FLOER HOMOLOGY
IAN ZEMKE
Abstract. We construct cobordism maps on link Floer homology associated to decorated link
cobordisms. The maps are defined on a curved chain homotopy type invariant. We describe
the construction, and prove invariance. We also make a comparison with the graph TQFT for
Heegaard Floer homology.
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1. Introduction
Ozsva´th and Szabo´ constructed a powerful set of algebraic invariants of 3- and 4-manifolds, called
Heegaard Floer homology [OS04b] [OS06]. Heegaard Floer homology fits into the framework of
a (3 + 1)-dimensional TQFT. Also defined by Ozsva´th and Szabo´ [OS04a] and independently by
Rasmussen [Ras03], there is a refinement of Heegaard Floer homology for knots embedded in 3-
manifolds, called knot Floer homology. There is a generalization of the knot invariant to links, due
to Ozsva´th and Szabo´ [OS08], called link Floer homology.
To a 4-manifold W with properly embedded surface Σ ⊆ W , the boundary ∂Σ is a link in ∂W .
In light of the TQFT structure of the Heegaard Floer 3- and 4-manifold invariants, it is natural to
expect functorial maps between the link Floer homologies of the ends of a link cobordism (W,Σ).
An important step in this direction is the work of Juha´sz [Juh16], who constructed cobordism maps
for decorated link cobordisms on the hat version of link Floer homology. One limitation of Juha´sz’s
construction is that it uses the contact gluing map due to Honda, Kazez and Matic´ [HKM08], which
limits the construction to ĤFL, and not the full link Floer complex.
In this paper we provide a construction of a (3 + 1)-dimensional TQFT for a general version of
the link Floer complex, and prove invariance of the construction. The link invariant we consider in
this paper is a curved variation of the link Floer complexes described by Ozsva´th and Szabo´ [OS08].
This research was supported by NSF grant DMS-1703685.
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2 IAN ZEMKE
Given a finite set P = {p1, . . . , pn}, we define
R−P := F2[Xp1 , . . . , Xpn ],
the polynomial ring freely generated by the variables Xp1 , . . . , Xpn .
We will consider links L embedded in a 3-manifold, equipped with two disjoint collections of
basepoints, w and z, which are contained in L. We will write L = (L,w, z) for a link together with
two collections of basepoints. We will write Lσ for the multi-based link L, equipped with a map
σ : w ∪ z→ P .
We will construct a free and finitely generated R−P -module
CFL−(Y,Lσ, s),
which also depends on a choice of Spinc structure s on Y . The module CFL−(Y,Lσ, s) has a natural
filtration by ZP . We call the map σ a coloring of the link L.
We note also that the construction of CFL−(Y,Lσ, s) requires some auxiliary choices (a Heegaard
diagram and a choice of almost complex structure), so a precise definition of the invariant requires
some additional formalism. See Section 3 for a precise definition.
The module CFL−(Y,Lσ, s) comes with a distinguished endomorphism ∂, obtained by counting
pseudo-holomorphic curves, which satisfies
∂2 = ωL,σ · id,
for a scalar ωL,σ ∈ R−P .
Modules with an endomorphism squaring to the action of a scalar in the ground ring are often
referred to as matrix factorizations, and appear in the context of Khovanov-Rozansky homology
[KR08]. We will call a module with such an endomorphism a curved chain complex.
In this paper, a decorated link cobordism
(W,Fσ) : (Y1,L1)→ (Y2,L2)
between two multi-based links consists of a pair (W,Fσ) where W is a compact 4-manifold with
∂W = −Y1 unionsqY2, and Fσ is a colored, oriented surface with divides. More explicitly, Fσ consists of a
properly embedded, oriented surface Σ in W , with a properly embedded collection of dividing arcs
A ⊆ Σ, as well as a map σ : C(Σ\A)→ P , where C(Σ\A) denotes the set of connected components
of Σ \ A. We further assume that
(1) ∂Σ = −L1 unionsq L2.
(2) A divides Σ into two subsurfaces, Σw and Σz, which meet along A. Furthermore Σw contains
the w-basepoints of L1 and L2, and Σz contains the z-basepoints.
A pictorial description of a decorated link cobordism is shown in Figure 1.1.
(Y1,L1)
(W,Fσ)
(Y2,L2)
Figure 1.1. A decorated link cobordism (W,Fσ). The solid dots denote w-
basepoints and the open dots denote z-basepoints. The shaded region is Σw, and
the unshaded region is Σz.
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1.1. Invariants of decorated link cobordisms. Given a decorated link cobordism
(W,Fσ) : (Y1,L1)→ (Y2,L2)
and a Spinc structure s ∈ Spinc(W ), our paper centers on constructing a diffeomorphism invariant
of (W,Fσ), which takes the form of a cobordism map
FW,Fσ,s : CFL−(Y1,Lσ11 , s1)→ CFL−(Y2,Lσ22 , s2),
where si = s|Yi and σi = σ|Li .
To construct the link cobordism maps, we describe maps on the link Floer complexes which
correspond to the following types of elementary cobordisms:
(1) 4-dimensional handle cobordisms for handles attached to the complement of the link.
(2) Cylindrical link cobordisms with simple dividing sets.
(3) Saddle cobordisms for band surgery on a link in a 3-manifold.
We define the cobordism maps for a general link cobordism (W,Fσ) by decomposing (W,Fσ) into a
sequence of such elementary cobordisms, and taking the composition of the maps for each elementary
piece.
Our paper centers on proving two main properties of the cobordism maps: diffeomorphism invari-
ance and functoriality.
Proving diffeomorphism invariance of the cobordism maps amounts to showing that the cobordism
maps are independent of the decomposition of (W,F) into elementary link cobordisms. To this end,
we state the following theorem:
Theorem A. If (W,Fσ) : (Y1,L1) → (Y2,L2) is a decorated link cobordism, equipped with a Spinc
structure s ∈ Spinc(W ), then the map FW,Fσ,s constructed in this paper is a ZP -filtered, R−P -
equivariant chain map, which is a diffeomorphism invariant, up to ZP -filtered, R−P -equivariant chain
homotopy.
If L is a multi-based link in Y , with coloring σ, there is an identity decorated link cobordism
(Wid,Fσid) : (Y,L)→ (Y,L),
obtained by decorating ([0, 1] × Y, [0, 1] × L) with a vertical dividing set (see Definition (2.5) for a
precise definition).
Proving functoriality of the cobordism maps amounts to showing two things: that the identity
link cobordism induces the identity map, and that a version of the composition law is satisfied.
We note that the fact that (Wid,Fσid) induces the identity map is essentially immediate from the
definition. Indeed we can give (Wid,Fσid) a decomposition into elementary link cobordisms consisting
of a single elementary link cobordism, namely (Wid,Fσid) itself. The induced map is defined to be
the identity.
As a second step towards proving functoriality, we prove the following version of the composition
law:
Theorem B. Suppose that (W,Fσ) : (Y1,L1)→ (Y2,L2) is a decorated link cobordism which decom-
poses as
(W,Fσ) = (W2,Fσ22 ) ∪ (W1,Fσ11 ),
where each (Wi,Fσii ) is a decorated link cobordism, and σi = σ|Fi . If s1 and s2 are Spinc structures
on W1 and W2, respectively, then
FW2,Fσ22 ,s2 ◦ FW1,Fσ11 ,s1 '
∑
s∈Spinc(W )
s|Wi=si
FW,Fσ,s.
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1.2. Further remarks on the cobordism maps. We now make several brief remarks about the
TQFT described in this paper.
Firstly, we note that our TQFT is somewhat more flexible than the original (3+1)-dimensional
TQFT described by Ozsva´th and Szabo´ [OS04b] [OS06] with respect to connectedness of 3- and 4-
manifolds. In this paper, we allow 3- and 4-manifolds to be disconnected or empty. Our requirements
for 3-manifolds containing multi-based links (Y,L) are simply that each connected component of Y
contains a component of L, and that each connected component of L contains at least two basepoints.
Similarly we require that each connected component of a 4-manifold contains a component of the
link cobordism surface, and that each connected component of the link cobordism surface contains
a dividing arc.
There are two elementary dividing sets on [0, 1]×L ⊆ [0, 1]× Y which are particularly important
to our paper. They are shown in Figure 1.2. The induced maps are the quasi-stabilization maps,
which we denote by S+w,z, S
−
w,z, T
+
w,z and T
−
w,z. It is important to note that, up to isotopy, any
dividing set on [0, 1] × L can be built by stacking a sequence of such pieces on top of each other.
Hence all of our cobordism invariants for decorations of cylindrical link cobordisms can be encoded
into algebraic relations involving the quasi-stabilization maps; See Section 4 for further details.
S+w,z S
−
w,z
zw
T+w,z T
−
w,z
zw
Figure 1.2. Two simple dividing sets on [0, 1]×L ⊆ [0, 1]× Y . In this paper,
we will write S+w,z, S
−
w,z, T
+
w,z and T
−
w,z for the induced maps, and refer to these
maps as the quasi-stabilization maps.
Finally, we remark that there is an additional relation which appears frequently in the TQFT.
Suppose (W,Fσ11 ), (W,Fσ22 ) and (W,Fσ33 ) are decorated link cobordisms which all share the same
underlying, undecorated link cobordism (W,Σ), and whose decorations agree outside of a disk D2
contained in Σ. Suppose further that on D2, the three decorations satisfy the configuration shown
in Figure 1.3. Then
(1) FW,Fσ11 ,s + FW,F
σ2
2 ,s
+ FW,Fσ33 ,s ' 0.
Inspired by an analogous picture from contact geometry, we refer to the relation in Equation (1) as
the bypass relation. Since the bypass relation appears frequently, there are many ways of proving it.
See, e.g., Lemma 4.7.
F1 F2 F3
+ + ' 0
Figure 1.3. The bypass relation. If three dividing sets on a decorated link
cobordism agree outside of a disk, and inside the disk they fit into the triad shown,
then the sum of their invariants is chain homotopic to zero. Many relations between
naturally occurring maps on the link Floer complexes can be interpreted in terms
of this relation.
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1.3. Algebraic reduction to the graph TQFT. As an application, we compare the link cobor-
dism maps defined in this paper to the graph cobordism maps defined in [Zem15] for cobordisms
(W,Γ) with embedded ribbon graphs between closed, multi-pointed 3-manifolds. For the purposes
of this section, we restrict to colorings with exactly two colors, and we further assume that all
the w-basepoints and regions are assigned the variable U , and all the z-basepoints and regions are
assigned the variable V . We omit the coloring σ from the notation in this section.
Definition 1.1. A ribbon graph cobordism (W,Γ): (Y1,w1) → (Y2,w2) between two multi-based
3-manifolds is a pair (W,Γ) such that the following are satisfied:
(1) W is a cobordism from Y1 to Y2.
(2) Γ is an embedded graph in W such that Γ ∩ ∂W = w1 ∪w2 and each basepoint of w1 and
w2 has valence 1 in Γ.
(3) Each vertex of Γ has valence at least 1.
(4) Γ is decorated with a ribbon structure, i.e., a choice of cyclic ordering of the edges adjacent
to each vertex.
In [Zem15], the author proves that there are Spinc functorial maps associated to ribbon graph
cobordisms (W,Γ) equipped with 4-dimensional Spinc structures.
If (Y,L) is a multi-based link in Y , then assuming that we are coloring the complexes with only
two variables U and V , as above, there are natural chain isomorphisms
CFL−(Y,L, s)⊗F2[U,V ] F2[U, V ]/(V − 1) ∼= CF−(Y,w, s)
and
CFL−(Y,L, s)⊗F2[U,V ] F2[U, V ]/(U − 1) ∼= CF−(Y, z, s− PD [L]).
The map FW,F,s associated to the link cobordism (W,F) thus induces two maps on CF−, for which
we write
FW,F,s|U=1 and FW,F,s|V=1.
Given a decorated link cobordism (W,F) : (Y1,L1)→ (Y2,L2), we will describe a way to construct
ribbon graphs
Γ(Σw) ⊆ Σw and Γ(Σz) ⊆ Σz
which we will call ribbon 1-skeletons of the surfaces Σw and Σz, respectively (see Definition 14.5 for
a precise description). We prove the following:
Theorem C. Given a decorated link cobordism (W,F) with subsurfaces Σw and Σz and choices of
ribbon 1-skeletons Γ(Σw) and Γ(Σz), the reductions satisfy
FW,F,s|V=1 ' FBW,Γ(Σw),s and FW,F,s|U=1 ' FAW,Γ(Σz),s−PD[Σ].
In the above theorem, the maps FAW,Γ,s are the graph cobordism maps defined in [Zem15]. The
maps FBW,Γ,s are minor variations, which we describe in Section 14. The two versions of the graph
cobordism maps (the A-maps and the B-maps) satisfy the relation
FBW,Γ,s ' FAW,Γ,s,
where Γ denotes the ribbon graph Γ with cyclic orderings reversed.
In [Zem15], the graph cobordism maps are shown to be invariant under isotopies of the graph Γ
which fix Γ ∩ ∂W . Many of the algebraic relations suggest that the maps are invariant under more
moves than just isotopy, such as adding trivial strands to the graph, or sliding edges across vertices
(while respecting the cyclic orderings). In Definition 14.4 we provide a notion of ribbon-equivalence
between ribbon graphs, which is weaker than isotopy. As corollaries to Theorem C, we obtain the
following:
Corollary D. If (W,Γ) and (W,Γ′) are ribbon-equivalent ribbon graph cobordisms, then
FAW,Γ,s ' FAW,Γ′,s and FBW,Γ,s ' FBW,Γ′,s.
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Corollary E. The V = 1 reduction of FW,F,s,
FW,F,s|V=1 : CF−(Y1,w1, s|Y1)→ CF−(Y2,w2, s|Y2),
depends only on the ribbon surface Σw and the Spin
c structure s. The U = 1 reduction of FW,F,s,
FW,F,s|U=1 : CF−(Y1, z1, s− PD [L1])→ CF−(Y2, z2, s− PD [L2]),
depends only on the ribbon surface Σz, and the Spin
c structure s− PD [Σ].
Remark 1.2. Corollary E can be used to give an alternate construction and proof of invariance of
the graph cobordism maps from [Zem15]; see Section 14.6.
1.4. Comparison to other link cobordism map constructions. There are already several
notable examples of link cobordism map constructions in the literature. The most relevant to this
paper is the construction by Juha´sz [Juh16] for the hat flavor of link Floer homology, denoted ĤFL.
If L is a multi-pointed link in Y , the hat version of the link Floer complex, denoted ĈFL(Y,L), is
obtained by formally setting all of the variables in R−P equal to 0, and then summing over all Spinc
structures. Taking homology, we obtain ĤFL(Y,L). We note that on the hat version of link Floer
homology, our maps are independent of the coloring σ. Similarly, Juha´sz’s definition of a decorated
link cobordism is equivalent to ours, if we ignore the coloring. In light of this, we make the following
conjecture:
Conjecture 1.3. The maps F̂W,F :=
∑
s∈Spinc(W ) F̂W,F,s defined in this paper for the hat flavor
coincide with the maps FW,F defined in [Juh16] using sutured Floer homology.1
In [JM18], Juha´sz and Marengon provide a partial computation of many elementary link cobordism
maps from Juha´sz’s sutured TQFT, which could be helpful in proving Conjecture 1.3. We will not
pursue the conjecture in this paper. We note that the maps induced by Juha´sz’s TQFT for knot
concordances are studied in [JM16].
There are additional partial constructions of link cobordism maps in link Floer homology. For
example, Sarkar defines maps associated to surfaces in [0, 1] × S3 in order to provide an alternate
proof of the Milnor conjecture using grid diagrams [Sar11]. Ozsva´th, Stipsicz and Szabo´ use a
grid diagrammatic construction of link cobordism maps to analyze the unoriented four-ball genus of
knots and links [OSS17]. We note that neither Sarkar nor Ozsva´th–Stipsicz–Szabo´ prove invariance
of their constructions. It would be interesting to know whether a construction and proof of invariance
could be done entirely through grid diagrams. A set of grid movie moves for decorated surfaces was
described in [Gra18], though verification of the invariance of the grid homology maps under these
moves has not been completed. Nevertheless, we state the following conjecture:
Conjecture 1.4. The maps described in terms of grid diagrams by Sarkar [Sar11] and Ozsva´th–
Stipsicz–Szabo´ [OSS17] are equal to the maps defined in this paper for elementary link cobordisms
inside of [0, 1]× S3.
There is an additional construction due to Alishahi and Eftekhary [AE16] of Floer homology for
multi-based tangles, generalizing knot Floer homology. Alishahi and Eftekhary give a construction
of cobordism maps for cobordisms between tangles, and prove invariance. When restricted to links,
their construction is similar to the one in this paper, and features maps associated to saddles which
are defined with the same Heegaard triples as the ones in this paper. Nonetheless, the TQFT
structure is not (obviously) the same as the one in this paper, though it is likely that there is a
concrete relationship.
1.5. Further developments. We now mention a few basic properties of the cobordism maps which
have been proven in subsequent papers. The link cobordism maps constructed in this paper satisfy
some simple Maslov and Alexander grading change formulas [Zem17b, Theorem 1.4]. Furthermore,
using the grading change formula, the author computes the maps for closed surfaces with simple
dividing sets when b1 = 0 and b
+
2 = 0 [Zem17b, Theorem 1.7].
1Since the original posting of this paper, this conjecture has been proven by Juha´sz and the author [JZ18].
LINK COBORDISMS AND FUNCTORIALITY IN LINK FLOER HOMOLOGY 7
The link cobordism maps also satisfy a version of conjugation invariance [Zem17a, Theorem 1.3]
similar to the version satisfied by the standard 4-manifold invariants [OS06, Theorem 3.6]. Using this,
and some further properties of the link cobordism maps, the author explores the relation between the
cobordism maps and the Ku¨nneth theorem for connected sums, and in particular proves a connected
sum formula for involutive knot Floer homology [Zem17a, Theorem 1.1].
1.6. Conventions and notation. Throughout the paper, we will use the outward normal first
orientation convention, which is standard in gauge theory. That is, if M is an oriented manifold
and p ∈ ∂M , with an outward normal vector N at p, we say an ordered basis (v1, . . . , vn) of Tp∂M
is oriented if and only if (N, v1, . . . , vn) is an oriented basis for TpM . With this convention, the
identity cobordism is ([0, 1]× Y, [0, 1]× L).
Unless otherwise specified, we will write “chain homotopic” and use the symbol ' to mean “chain
homotopic through filtered and equivariant chain homotopies.”
Finally, whenever we list several consecutive basepoints on a link component, we will always write
them ordered from right to left (we will remind the reader of this convention). For example, if
we write (w, z, w′, z′), we mean the w follows z, which follows w′, which follows z′. We extend this
notation to quasi-stabilization maps and basepoint moving maps. If we write S+w,z, the implication is
that w immediately follows z, whereas if we write S+z′,w′ , then the implication is that z
′ immediately
follows w′.
1.7. Organization. In Section 2, we describe the categories of decorated link cobordisms and curved
chain complexes. In Section 3, we define the link Floer complexes we consider in this paper, and
prove some basic properties. In Section 4, we define the quasi-stabilization maps, as well as several
other maps which naturally appear on the link Floer complexes, and relate the quasi-stabilization
maps to some basepoint moving diffeomorphism maps on link Floer homology. In Section 5, we
describe the 4-dimensional handle maps on the link Floer complex. In Section 6, we define the
cobordism maps for saddle cobordisms. In Section 7, we describe some useful compositions of the
maps from the previous sections which are associated to several simple link cobordisms, such as a
birth or death link cobordism, or a 4-dimensional 1-handle containing a saddle. In Sections 8 and
9 we prove some more technical relations about the various maps defined previously in the paper.
In Sections 10 and 11, we prove the necessary versions of Morse and Cerf theory which we will use
to prove invariance of the cobordism maps. In Section 12, we prove that the maps described in this
paper are invariants of decorated link cobordisms. In Section 13 we prove the composition law. In
Section 14, we show that the link cobordism maps naturally reduce to the graph cobordism maps.
1.8. Acknowledgments. The author would like to thank Akram Alishahi, Haofei Fan, Kristen
Hendricks, Jen Hom, Andra´s Juha´sz, Robert Lipshitz, Ciprian Manolescu, and Marco Marengon
for helpful conversations and suggestions. The author would also like to thank Sucharit Sarkar and
Andy Manion for suggesting to work in the setting of curved chain complexes. Finally, the author
thanks the anonymous referee for pointing out several errors and making many helpful suggestions.
2. The categories of decorated link cobordisms and curved chain complexes
In this section we define the category of decorated link cobordisms which features in this paper.
Definition 2.1. A 3-manifold with a multi-based link is a pair (Y,L) such that
(1) Y is a closed, oriented 3-manifold,
(2) L = (L,w, z) is a triple consisting of an oriented, embedded link L ⊆ Y , with disjoint
collections of basepoints w and z on L, and
(3) each component of L has at least two basepoints, and the basepoints alternate between those
in w and those in z as one traverses a component of L.
Definition 2.2. A surface with divides is a pair F = (Σ,A) such that,
(1) Σ is a compact, oriented surface,
(2) A ⊆ Σ is a properly embedded 1-manifold, and
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(3) the components of Σ\A are partitioned into two sub-surfaces, Σw and Σz, which meet along
A.
To achieve well-defined, functorial maps in our link TQFT, we need to consider colorings of the
basepoints and the surfaces with divides.
Definition 2.3. A coloring of a multi-based link L = (L,w, z) is a map σ : w ∪ z→ P , where P is
a finite set. A coloring of a surface with divides F = (Σ,A) is a map σ : C(Σ \A)→ P , where P is
a finite set, and C(Σ \ A) denotes the set of components of Σ \ A.
We think of P as the set of colors. We will write Lσ for a multi-based link equipped with a
coloring σ : w ∪ z → P . Similarly we will write Fσ for a surface with divides, equipped with a
coloring σ. Note that the codomain P of σ is part of the data of a coloring.
Modeled on Juhasz’s definition of a decorated link cobordism [Juh16, Definition 4.5], we now
define a notion of morphism between 3-manifolds with multi-based links which we consider in this
paper:
Definition 2.4. If (Y1,L1) = (Y1, (L1,w1, z1)) and (Y2,L2) = (Y2, (L2,w2, z2)) are two 3-manifolds
with multi-based links, a decorated link cobordism from (Y1,L1) to (Y2,L2) consists of a pair (W,Fσ)
such that
(1) W is a compact 4-manifold with ∂W = −Y1 unionsq Y2,
(2) F = (Σ,A) is a surface with divides, equipped with the coloring σ,
(3) Σ ⊆W is a properly embedded, compact, oriented surface with Σ ∩ ∂W = −L1 unionsq L2,
(4) each component of Li \ A contains exactly one basepoint of wi ∪ zi, and
(5) w1 ∪w2 ⊆ Σw and z1 ∪ z2 ⊆ Σz.
We define the identity decorated link cobordism as follows:
Definition 2.5. If Y is a 3-manifold containing the multi-based link L = (L,w, z), equipped with
the coloring σ, the identity decorated link cobordism
(Wid,Fσid) : (Y,L)→ (Y,L)
is constructed by setting Wid := [0, 1]× Y and Fid := ([0, 1]×L, [0, 1]×p), where p ⊆ L \ (w∪ z) is
a collection of points consisting of exactly one point per component of L \ (w ∪ z). The coloring of
Fid (which by abuse of notation we are denoting σ) is the unique coloring which restricts to σ on L.
Remark 2.6. To properly define a link cobordism category, one must work with cobordisms which are
equipped with parametrizations of their boundary components. More precisely, a link cobordism
in the category of decorated link cobordisms consists of a 4-manifold with an embedded surface
(W,F) with boundary equal to (−Y ′1 ,−L′1)unionsq(Y ′2 ,L′2), together with choices of orientation preserving
diffeomorphisms φi : (Y
′
i ,L′i)→ (Yi,Li). Such a definition is necessary to precisely define a category
of cobordisms, since otherwise the cobordism category lacks identity morphisms, for example. We
will never explicitly deal with cobordisms at this level, since the notation becomes cumbersome.
If L = (L,w, z) is a multi-based link with w = {w1, . . . , wn} and z = {z1, . . . , zn}, we define the
ring
F2[Uw, Vz] := F2[Uw1 , . . . , Uwn , V1, . . . , Vzn ].
We define the curvature constant ωL ∈ F2[Uw, Vz] via the formula
ωL :=
∑
K∈C(L)
(
UwK,1VzK,1 + VzK,1UwK,2 + UwK,2VzK,2 + · · ·+ VzK,nKUwK,1
)
,
where C(L) denotes the set of components of L, and wK,1, zK,1, wK,2, . . . , zK,nK are the basepoints
on a link component K, in the order that they appear.
If P = {p1, . . . , pn} is a set of colors, we define the rings
R−P := F2[Xp1 , . . . , Xpn ] and R∞P := F2[Xp1 , . . . , Xpn , X−1p1 , . . . , X−1pn ].
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If σ is a coloring of L which has codomain P , then R−P is a module over F2[Uw, Vz], and we define
the colored curvature constant ωL,σ ∈ R−P to be the element
ωL,σ := ωL · 1R−P
=
∑
K∈C(L)
(
Xσ(wK,1)Xσ(zK,1) +Xσ(zK,1)Xσ(wK,2) +Xσ(wK,2)Xσ(zK,2) + · · ·+Xσ(zK,nK )Xσ(wK,1)
)
.
If two colored, multi-based links are cobordant via a decorated link cobordism, then they have
the same curvature constant:
Lemma 2.7. Suppose that Fσ is a colored surface with divides, with boundary consisting of disjoint
union of the multi-based links −L1 and L2. If σi denotes the induced coloring of Li, then
ωL1,σ1 = ωL2,σ2 ∈ R−P .
Proof. Since no confusion can arise, let us write σ for both σ1 and σ2. Define the set of points
pi ⊆ Li \ (wi ∪ zi) as
pi := Li ∩ A.
For each point p ∈ pi, let us write w(p) and z(p) for the two basepoints immediately adjacent to p,
on Li. Note that
ωLi,σ =
∑
p∈pi
Xσ(w(p))Xσ(z(p)).
If a is an arc of A, with boundary points p and p′, then σ(w(p)) = σ(w(p′)) and σ(z(p)) = σ(z(p′)),
so that
Xσ(w(p))Xσ(z(p)) = Xσ(w(p′))Xσ(z(p′)).
Hence
ωL1,σ + ωL2,σ =
∑
a∈C(A)
∑
p∈∂a
Xσ(w(p))Xσ(z(p)) = 0 ∈ R−P ,
where C(A) denotes the set of components of A. 
2.1. The category of curved chain complexes. Suppose that R is a ring of characteristic two.
In this section we describe the category of curved chain complexes over R.
Definition 2.8. A curved chain complex over R is an R-module C, together with an endomorphism
∂ : C → C such that
∂2 = ω · idC ,
for some ω ∈ R. The constant ω is called the curvature constant.
We now establish some terminology (which is standard in the context of genuine chain complexes):
Definition 2.9. We say F : (C1, ∂1) → (C2, ∂2) is a morphism of curved chain complexes over R
if F : C1 → C2 is an R-module homomorphism. We say a morphism F : (C1, ∂1) → (C2, ∂2) is a
homomorphism of curved chain complexes if F is also a chain map, i.e.,
F ◦ ∂1 = ∂2 ◦ F.
AnR-equivariant chain homotopy between two morphisms F , G : (C1, ∂1)→ (C2, ∂2) is anR-module
homomorphism H : C → C ′ such that F +G = ∂2 ◦H +H ◦ ∂1.
We note that there are not many interesting homomorphisms between curved chain complexes
with different curvatures:
Lemma 2.10. Suppose that (C1, ∂1) and (C2, ∂2) are two curved chain complexes which are free
over a domain R, with curvature constants ω1 and ω2, respectively, and suppose that F : C1 → C2
is a homomorphism of curved chain complexes over R. If ω1 6= ω2, then F = 0.
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Proof. Since F is a homomorphism of curved chain complexes, we have ∂2◦F = F ◦∂1. Precomposing
with ∂1, and using the fact that F is a chain map, we see that
∂22 ◦ F = F ◦ ∂21 ,
so that (ω1 + ω2) ·F = 0. Since C1 and C2 are free modules over the domain R, it follows that F is
the zero map. 
Remark 2.11. In light of Lemma 2.10, one should not expect a TQFT to give meaningful chain maps
between curved chain complexes with different curvatures. Lemma 2.7 implies that if two colored
links are cobordant via a decorated link cobordism, then their curvature constants are the same. In
Lemma 3.4, below, we identify the constant ωL with the curvatures of the link Floer chain complexes
CFL−(Y,L, s).
Given two curved chain complexes C1 = (C1, ∂1) and C2 = (C2, ∂2) overR (of arbitrary curvatures)
we can consider the curved complex of morphisms
MorR(C1, C2),
consisting of R-module homomorphisms from C1 to C2. A differential on MorR(C1, C2) can be
defined by the formula
∂Mor(f) = ∂2 ◦ f + f ◦ ∂1.
Lemma 2.12. If C1 and C2 are two curved chain complexes over R, with curvatures ω1 and ω2,
then MorR(C1, C2) is a curved chain complex with curvature ω1 + ω2.
Proof. One simply computes
(∂Mor ◦ ∂Mor)(f) = ∂22 ◦ f + ∂2 ◦ f ◦ ∂1 + ∂2 ◦ f ◦ ∂1 + f ◦ ∂21 = (ω1 + ω2) · f.

An important algebraic structure on the link Floer chain complexes is the filtration. The standard
definition of a filtered chain complex is suitable for our needs:
Definition 2.13. A Zn filtration on a curved chain complex (C, ∂) overR is a collection of subgroups
GI ⊆ C ranging over I ∈ Zn such that ∂(GI) ⊆ GI and such that if I ≤ J (i.e., I(i) ≤ J(i) for each
i ∈ {1, . . . , n}) then GI ⊇ GJ .
Suppose C1 = (C1, ∂1) and C2 = (C2, ∂2) are two curved chain complexes over R, which are also
both filtered over Zn. Write GI(Ci) for the subgroups of Ci associated to their filtrations. There is
an induced filtration over Zn of the morphism complex MorR(C1, C2). If I ∈ Zn is a multi-index,
then a filtration on the morphism complex can be defined by the formula
GI(MorR(C1, C2)) := {f ∈ MorR(C1, C2) : f(GJ(C1)) ⊆ GI+J(C2) for all J ∈ Zn} .
Note that by Lemma 2.12, if C1 and C2 are curved chain complexes with the same curvatures,
then MorR(C1, C2) is a genuine chain complex. A homomorphism of curved chain complexes from
C1 to C2 is the same as a cycle in the morphism complex MorR(C1, C2). A filtered map from C1 to
C2 is the same as an element in G0(MorR(C1, C2)), where 0 ∈ Zn denotes the zero vector. A filtered
chain map, defined up to filtered, R-equivariant chain homotopies, is the same as an element in the
homology group
H∗(G0(MorR(C1, C2))).
Remark 2.14. The link Floer complexes we consider in this paper will in general have non-zero
curvature. However, by choosing a coloring (σ,P ) of the links and decorated surfaces appropriately,
one can ensure that all the link Floer chain complexes are genuine chain complexes (i.e. have
curvature constant 0 ∈ R). For example, in the case that there are only two variables, one for the
w-basepoints and one for the z-basepoints, the curvature constant is zero. This situation is sufficient
for most of our applications. Nonetheless, many properties of the maps appearing in the link Floer
TQFT are more natural to consider in the context of curved chain complexes.
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2.2. Transitive systems of curved chain complexes. We note that we cannot quite work on
just the level of chain complexes, since the modules CFL−(Y,Lσ, s) require several choices of auxiliary
data. To define the invariants CFL−(Y,Lσ, s) precisely, we need the following formalism:
Definition 2.15. If C is an category and A is a set, a transitive system over C indexed by A is a
map C : A→ C, together with distinguished morphisms
Φa→a′ : C(a)→ C(a′)
for a, a′ ∈ A such that
• Φa→a = id;
• Φa′→a′′ ◦ Φa→a′ = Φa→a′′ .
If C1 and C2 are two transitive systems over C, indexed by A1 and A2 respectively, then a morphism
of transitive systems over C is a collection of morphisms Fa1,a2 , indexed by pairs (a1, a2) ∈ A1×A2,
such that
Fa1,a2 : C1(a1)→ C2(a2)
and the following diagram commutes for any two pairs (a1, a2), (a
′
1, a
′
2) ∈ A1 ×A2:
C1(a1) C2(a2)
C1(a
′
1) C2(a
′
2)
Fa1,a2
Φa1→a′1
Φa2→a′2
Fa′1,a′2
.
Note that a morphism between transitive systems is determined by a single one of the morphisms
Fa1,a2 .
3. The link Floer complexes and some basic properties
In this section, we define the curved link Floer chain complexes CFL∞(Y,Lσ, s) which feature in
this paper.
3.1. Heegaard diagrams for multi-based links. We use the following standard definition of a
Heegaard diagram of a multi-based link:
Definition 3.1. If L = (L,w, z) is a multi-based link in Y 3, an embedded Heegaard diagram of
(Y,L) is a tuple (Σ,α,β,w, z) such that the following hold:
(1) Σ is an oriented, embedded surface in Y , which divides Y into two handlebodies, Uα and
Uβ.
(2) Σ is oriented as ∂Uα = −∂Uβ.
(3) Σ ∩ L = w ∪ z and L intersects Σ positively at the z-basepoints and negatively at the
w-basepoints.
(4) α consists of g(Σ) + |w| − 1 pairwise disjoint, simple closed curves which bound a set of
g(Σ) + |w| − 1 pairwise disjoint compressing disks Dα ⊆ Uα \ L. The set Uα \ Dα consists
of |w| 3-balls, each of which contains a single w-basepoint and a single z-basepoint. An
analogous condition holds for the β curves.
(5) The arcs L ∩ Uα can be isotoped within Uα \ Dα, relative to their endpoints, into Σ. The
arcs L ∩ Uβ satisfy an analogous condition.
We remark that Condition (5) provides a way of visualizing the link. First, one connects the
z-basepoints to the w-basepoints in Σ \α, and then pushes the interior of these arcs into Uα. Then
one connects the w-basepoints to the z-basepoints in Σ \ β, and pushes the interiors of these arcs
into Uβ. Connecting up these two collections of arcs yields the link L (up to isotopy).
Writing n for the quantity |w| = |z|, there are two embedded tori in Symg+n−1(Σ), namely
Tα = α1 × · · · × αg+n−1 and Tβ = β1 × · · · × βg+n−1.
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Given a Heegaard diagram (Σ,α,β,w, z), and an intersection point x ∈ Tα ∩ Tβ, we define the
set Πwx to be the set of homotopy classes φ ∈ pi2(x,x) which have nw(φ) = 0 for all w ∈ w. There
is a map
H : Πwx → H2(Y ;Z),
obtained by coning off a 2-chain φ using the α and β curves. Throughout the paper, we will restrict
attention to diagrams which satisfy the following admissibility condition (which is a slight adaptation
of [OS04b, Definition 4.10]):
Definition 3.2. A diagram H = (Σ,α,β,w, z) is strongly s-admissible if there is an intersection
point x ∈ Tα ∩ Tβ such that sw(x) = s and for any class φ ∈ Πwx with
〈c1(s), H(φ)〉 = 2N > 0
the class φ has a multiplicity which is at least N .
The above admissibility condition implies that for a fixed Spinc structure, the set of homotopy
classes with Maslov index j which have nonnegative domains is finite [OS04b, Lemma 4.14] (see also
[Zem15, Lemma 4.9] for an adaptation of their argument for multi-pointed diagrams).
3.2. 3-dimensional Spinc structures. As with the Heegaard Floer invariants of closed 3-manifolds
[OS04b], we use the Turaev interpretation of Spinc structures on closed 3-manifolds [Tur97]. More
precisely, we define Spinc(Y ) to be the collection of non-vanishing vector fields on Y modulo the
equivalence relation of being isotopic on the complement of a collection of 3-balls. The set Spinc(Y )
is an affine space over H1(Y ;Z).
Ozsva´th and Szabo´ describe a way of associating a 3-dimensional Spinc structure to an intersection
point [OS04b]. If (Σ,α,β,w) is an n-pointed Heegaard diagram for Y , then there is a map
sw : Tα ∩ Tβ → Spinc(Y ).
If x ∈ Tα ∩ Tβ is an intersection point, then sw(x) is constructed as follows: One first picks a
Morse function which induces the diagram (Σ,α,β) and considers the gradient vector field. Note
that such a Morse function will have |w| local minima, and |w| local maxima. Each point in x
determines a flowline connecting an index 1 and index 2 critical point of the Morse function. The
basepoints w each determine a flowline from an index 0 critical point to an index 3 critical point.
After removing regular neighborhoods of these flowlines, we obtained a non-vanishing vector field
on the complement of this neighborhood. We can extend this to a non-vanishing vector field on all
of Y since the flowlines we removed connected critical points with indices of opposite parity.
The map sw depends on the choice of basepoints, w, in our Heegaard diagram. The dependence
on the basepoints can be summarized as follows:
Lemma 3.3. Suppose (Σ,α,β,w, z) is a diagram for the multi-based link (Y,L,w, z). If x ∈
Tα ∩ Tβ, then
sw(x)− sz(x) = PD [L].
Proof. This follows from reasoning identical to the proof of [OS04b, Lemma 2.19]. Alternatively,
Spinc(Y ) is described as the set of homology classes of nonvanishing vector fields on Y . Given a
closed path γ ∈ H1(Y ;Z), the action of γ ∈ H1(Y ;Z), can be described by a procedure sometimes
referred to as Reeb surgery (cf. [Nic03, Section 3.2]). Given the explicit description from [OS04b]
of the vector fields sw and sz, it is easy to see that they differ by Reeb surgery on the link L. 
It follows from the previous lemma that if the total class of a link is trivial in H1(Y ;Z), then the
two maps sw and sz agree. Note that we could instead have defined our link Floer complexes to be
generated by intersection points x with sz(x) = s. For a link whose total class is non-zero, this does
not change the resulting link Floer complexes. For links whose total class is not null-homologous, the
resulting complexes may be different. An instructive example is Y = S1 × S2 with K = S1 × {pt}.
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3.3. The uncolored link Floer complexes. We now describe the transitive systems of curved
chain complexes CFL∞(Y,L, s) associated to a 3-manifold with a multi-based link. The construction
is an adaptation of the construction of link Floer homology from [OS08].
Suppose that L = (L,w, z) is a multi-based link in Y . Write F2[Uw, Vz, U−1w , V −1z ] denote for the
ring obtained from F2[Uw, Vz] by inverting the variables Uw1 , . . . , Uwn , Vz1 , . . . , Vzn .
Suppose that H = (Σ,α,β,w, z) is a diagram for (Y,L). As a module, we define
CFL−(H, s)
to be the free F2[Uw, Vz]-module generated by the intersection points x ∈ Tα ∩ Tβ with sw(x) = s.
Over F2, the complex CFL−(H, s) is generated by the elements
U IwV
J
z · x,
with sw(x) = s and nonnegative multi-indices I ∈ Zw and J ∈ Zz. The module
CFL∞(H, s)
is defined similarly over the ring F2[Uw, Vz, U−1w , V −1z ] and is generated over F2 by elements U IwV Jz
with arbitrary multi-indices I and J .
The modules CFL−(H, s) and CFL∞(H, s) have natural filtrations by Zw⊕Zz, which are given by
powers of the variables. More explicitly, if I ∈ Zw and J ∈ Zz, there is a subset GI,J ⊆ CFL∞(H, s)
generated over F2 by tuples U I
′
w V
J′
z · x with I ′ ≥ I and J ′ ≥ J .
We note that Ozsva´th and Szabo´’s construction of a relative homological grading from [OS04b]
on the closed 3-manifold invariants yields two gradings on CFL−(Y,L, s). If φ ∈ pi2(x,y), we can
define two gradings on ĈFL(Y,L, s) via the formulas
(2) grw(x,y) = µ(φ)− 2
∑
w∈w
nw(φ), and grz(x,y) = µ(φ)− 2
∑
z∈z
nz(φ).
If c1(s) is torsion, then grw is independent of the disk φ, using the formula for the Maslov index of
a periodic class [OS04b, Theorem 4.9]. Analogously, using Lemma 3.3, if c1(s − PD [L]) is torsion,
then grz will be independent of the disk φ. We can extend these gradings to all of CFL∞(Y,L, s) by
declaring the Uw and Vz variables to be −2 and 0 graded (resp.) with respect to grw. Similarly we
declare the Uw and Vz variables to be 0 and −2 graded with respect to grz.
Given an appropriately generic path of almost complex structure (Js)s∈[0,1] on Sym
n+g−1(Σ), we
define an endomorphism
∂ : CFL−(H, s)→ CFL−(H, s)
by counting Maslov index 1 holomorphic strips via the formula
∂(x) =
∑
y∈Tα∩Tβ
∑
φ∈pi2(x,y)
µ(φ)=1
#M̂(φ)Unw(φ)w V nz(φ)z · y,
extended linearly over R−P . Since pseudo-holomorphic disks must have nonnegative domains, the
differential respects the filtration over Zw ⊕ Zz, given by powers of the variables, defined above.
The map ∂ does not square to zero, in general. Instead (CFL−(H, s), ∂) is a curved chain complex:
Lemma 3.4 ([Zem17c, Lemma 2.1]). The map ∂ : CFL−(H, s)→ CFL−(H, s) satisfies
∂2(x) = ωL · id,
where
ωL =
∑
K∈C(L)
(
UwK,1VzK,1 + VzK,1UwK,2 + UwK,2VzK,2 + · · ·+ VzK,nKUwK,1
)
· x.
Here wK,1, zK,1, . . . , wK,nK , zK,nK are the basepoints on the link component K, in the order that
they appear on K.
An important property of Heegaard Floer homology is that it is independent of the choice of
Heegaard diagram. For our purposes, we will need the following naturality result:
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Proposition 3.5. Given two strongly s-admissible diagrams H and H′ for (Y,L), there is a Zw⊕Zz-
filtered, F2[Uw, Vz]-equivariant chain homotopy equivalence
ΦH→H′ : CFL−(H, s)→ CFL−(H′, s),
which is well-defined up to filtered, equivariant chain homotopies.
Proof. In the setting of the knot and link invariants [OS04a] [OS08], Ozsva´th and Szabo´ constructed
maps associated to changes of the almost complex structure, isotopies and handleslides of the α and
β curves, stabilizations of the Heegaard surface, as well as isotopies of the Heegaard surface relative
to L. They showed that these maps were quasi-isomorphisms. If H and H′ are arbitrary diagrams,
one can construct a transition map ΦH→H′ as the composition of the maps associated to a sequence
of elementary Heegaard moves connecting H and H′. Juha´sz and Thurston [JT12] showed that the
maps ΦH→H′ are independent, up to chain homotopy, on the choice of intermediate diagrams. We
note that neither Ozsva´th–Szabo´ nor Juha´sz–Thurston explicitly showed that these transition maps
are chain homotopy equivalences, as opposed to quasi-isomorphisms. To see that the maps are chain
homotopy equivalences, we refer the reader to [HM17, Proposition 2.3], whose proof works equally
well in our setting. 
In light of the above naturality result, we define CFL∞(Y,L, s) to be the transitive system over C
indexed by A (cf. Definition 2.15), where A is the set of all strongly s-admissible diagrams for (Y,L)
and C is the category of Zw ⊕ Zz-filtered, F2[Uw, Vz]-equivariant curved chain complexes. We call
CFL∞(Y,L, s) the transitive chain homotopy type invariant.
Finally, we note that for some of the more technical arguments of the paper, we will use Lipshitz’s
cylindrical reformulation of Heegaard Floer homology [Lip06]. Instead of counting holomorphic
curves from the complex disk into Symn+g−1(Σ), Lipshitz’s version of Heegaard Floer homology
counts pseudo-holomorphic curves of higher genus which map into Σ × [0, 1] × R. The equivalence
of Lipshitz’s reformulation with the Ozsva´th–Szabo´ construction follows (at least morally) from the
tautological correspondence between holomorphic disks mapping into Symn+g−1(Σ) and holomorphic
curves mapping into Σ × [0, 1] × R, whose projection onto [0, 1] × R are (n + g − 1)-fold branched
covering maps. We refer the reader to [Lip06] for more technical details about this approach.
3.4. Coloring the link Floer complexes. Suppose that
σ : w ∪ z→ P
is a coloring of L = (L,w, z). The coloring σ induces an F2[Uw, Vz]-module structure on R−P . We
define the colored complexes
CFL−(H, σ, s) := CFL−(H, s)⊗F2[Uw,Vz] R−P ,
and
CFL∞(H, σ, s) := CFL∞(H, s)⊗F2[Uw,U−1w ,Vz,V −1z ] R∞P .
The complexes CFL∞(H, σ, s) fit together to form a transitive system over C, indexed by A, where
C is the category of ZP -filtered, curved chain complexes over R∞P , and A is the set of strongly
s-admissible Heegaard diagrams for (Y,L). Note that the filtration on CFL∞(H, σ, s) is given by
filtering by powers of the variables in R∞P .
We note that including colorings is essential for functoriality. Without colorings, we do not have
a fixed category to work in. Also, most of the maps we define for decorations on the surface are not
chain maps until we color the complexes.
Although we will primarily work with curved chain complexes, we will occasionally need to work
on the level of homology. If Lσ is a colored link with ωL,σ = 0 ∈ F2[UP ] (or equivalently ∂2 = 0 on
CFL◦(Y,Lσ, s)), we define
HFL◦(Y,Lσ, s) := H∗(CFL◦(Y,Lσ, s)).
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3.5. Distinguished elements of HFL− for multi-based unlinks in (S1×S2)#n. Suppose Y is a
3-manifold with link L = (L,w, z), and σ is a coloring of L such that σ(w)∩σ(z) = ∅. Furthermore,
suppose that the total class of L in H1(Y ;Z) is null-homologous, and that s is a torsion Spinc
structure on Y . In this situation, the relative gradings grw and grz described in Equation (2) are
both well-defined on the complex CFL−(Y,Lσ, s). If o ∈ {w, z} we will let Maxgro(HFL−(Y,Lσ, s))
denote the subset of HFL−(Y,Lσ, s) of maximal gro grading.
Lemma 3.6. Suppose U is an unlink in (S1×S2)#n, and each component has exactly two basepoints.
There are isomorphisms
Maxgrw
(HFL−((S1 × S2)#n,U, s0)) ∼= F2[Vz],
and
Maxgrz
(HFL−((S1 × S2)#n,U, s0)) ∼= F2[Uw].
Furthermore,
Maxgrw
(HFL−((S1 × S2)#n,U, s0)) ∩Maxgrz (HFL−((S1 × S2)#n,U, s0))
is a 1-dimensional vector space, spanned by an element Θ, which generates Maxgrw
(HFL−) as an
F2[Vz]-module, and generates Maxgrz
(HFL−) as an F2[Uw]-module.
Proof. We can pick a diagram H = (Σ,α,β,w, z) for ((S1 × S2)#n,U) where the β curves are all
small Hamiltonian translates of the α curves, and the basepoints in w and z come in pairs, which
are immediately adjacent to each other on the Heegaard diagram, and not contained in any of the
bigons bounded by a pair of α and β curves.
On the diagramH, one has grw(x,y) = grz(x,y) for any pair of intersection points x,y ∈ Tα∩Tβ,
since the w and z-basepoints come in adjacent pairs, so the formulas in Equation (2) coincide.
Furthermore, there is a canonical top degree intersection point Θ ∈ Tα ∩ Tβ.
Furthermore, it is easy to see that
Maxgrw
(CFL−(H, s0)) ∼= F2[Vz],
and
Maxgrz
(CFL−(H, s0)) ∼= F2[Uw].
Furthermore,
Maxgrw
(CFL−(H, s0)) ∩Maxgrz(CFL−(H, s0)) = SpanF2〈Θ〉.
To show the lemma statement, it is thus sufficient to show that ∂(Θ) = 0 and that no non-trivial
sum of terms of the form V Jz ·Θ is a cycle, and that no non-trivial sum of terms of the form UJw ·Θ
is a cycle.
To see that Θ is a cycle, one simply analyzes the proof of [OS04b, Lemma 9.1]. Using the relative
Maslov grading, one sees that if φ ∈ pi2(Θ,y) is a Maslov index 1 disk, then
2
∑
w∈w
nw(φ) ≤ 0,
hence any such disk admitting holomorphic representatives cannot cross any of the w-basepoints.
It is easy to see that on the diagram H, the only disks in any pi2(Θ,y) which do not cross over any
w-basepoints come in pairs, and hence cancel when counted by the differential. Thus ∂(Θ) = 0.
To see that no non-trivial sum of terms of the form V Jz ·Θ is a boundary, we note that any disk
φ ∈ pi2(y,Θ) satisfies
µ(φ)− 2
∑
w∈w
nw(φ) ≤ 0,
by the relative homological grading formula, and hence
2
∑
w∈w
nw(φ) ≥ 1,
implying that if φ has a holomorphic representative which is counted by the differential, it must
have nonzero multiplicities on the w-basepoints. In particular φ must increase the Uw-filtration,
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and hence all cycles live in the subset of CFL− of Uw-filtration at least 1, and in particular nothing
which is a sum of elements of the form V Jz ·Θ is a boundary.
An identical argument shows that no non-trivial sum of elements of the form UJw ·Θ is a boundary.

We now consider the case that all components of the unlink U ⊆ (S1×S2)#g except for one have
exactly two basepoints, and that the remaining component of U has exactly four basepoints. These
will appear when we define maps associated to saddle cobordisms.
Lemma 3.7. Suppose that U is an unlink in (S1 × S2)#n such that all components of U except for
one have exactly two basepoints, and one component of U has exactly four basepoints. Let U denote
the component of U with four basepoints, and let w, w′, z and z′ denote the 4-basepoints. Define
the set of colors P0 := w ∪ (z/(z ∼ z′)) where z/(z ∼ z′) denotes the set of z-basepoints modulo the
relation that z ∼ z′, and define the coloring σ0 : w ∪ z → P0 to be the natural map. Then there an
isomorphism
Maxgrw
(HFL−((S1 × S2)#n,Uσ0 , s0)) ∼= F2[Vz]/(Vz − Vz′).
In particular there is a well-defined generator Θw ∈ Maxgrw(HFL−((S1 × S2)#n,Uσ0 , s0)).
Similarly if P ′0 := (w/(w ∼ w′)) ∪ z and σ′0 : w ∪ z→ P ′0 is the natural map, then
Maxgrz
(
HFL−((S1 × S2)#n,Uσ′0 , s0)
) ∼= F2[Uw]/(Uw − Uw′).
In particular there is a well-defined generator Θz ∈ Maxgrz
(
HFL−((S1 × S2)#n,Uσ′0 , s0)
)
.
Proof. We will prove the claim about Maxgrw(HFL−), since the result about Maxgrz(HFL−) fol-
lows symmetrically. The proof is similar to the proof of Lemma 3.6. We will construct a conve-
nient diagram H for ((S1 × S2)#n,U). We start with a diagram H0 = (S2, α0, β0, w, w′, z, z′) for
(S3, U, w,w′, z, z′), obtained taking the Heegaard surface S2 ⊆ S3, and picking an α0 and β0 curve
which intersect in two points.
There are four components of S2 \ (α0 ∪ β0), all of which are bigons. Each bigon contains one
of the basepoints w, w′, z and z′. We can form a diagram H for ((S1 × S2)#n,U) by attaching
a genus n surface Σn to S
2 in the bigon on S2 which contains the basepoint w. On Σn, we can
pick additional attaching curves α and β which are small Hamiltonian translates of each other,
intersecting in pairs of points. We can place the additional basepoints on Σn so that they come in
pairs of w and z-basepoints, which are immediately adjacent to each other. An example is shown
in Figure 3.1.
There is an intersection point Θw of maximal grw grading on H. The same argument that we used
in the proof of Lemma 3.6 shows that sums of elements of the form Θw · V Jz generate the subset of
CFL−(H, s) of top grw grading. Also as before, we note that none of these elements are boundaries.
However, it is important to note that on the uncolored module CFL−(H, s0), the element Θw is
not a cycle. Instead ∂(Θw) = (Vz+Vz′) ·Θz, as shown in Figure 3.1. On the other hand, the coloring
σ0 identifies Vz and Vz′ , so Θ
w becomes a cycle in the colored chain complex. Hence
Maxgrw
(HFL−(H, σ0, s0)) ∼= Maxgrw (CFL−(H, σ0, s)) ∼= Maxgrw (CFL−(H, s)) /(Vz − Vz′),
which is clearly isomorphic to F2[Vz]/(Vz − Vz′). 
4. Quasi-stabilization, basepoint actions, and basepoint moving maps
In this section, we describe some important maps which appear in the graph TQFT.
4.1. Quasi-stabilization maps for adding and removing basepoints. In this section, we de-
scribe the quasi-stabilization operation, initially described in [MO10], which is a procedure for adding
or removing an adjacent pair of basepoints from a link component. Some basic properties of the
quasi-stabilization operation (such as the fact that the quasi-stabilization maps are chain maps, and
induce natural chain maps between link Floer complexes) are proven in [Zem17c].
LINK COBORDISMS AND FUNCTORIALITY IN LINK FLOER HOMOLOGY 17
w
zw′z
′
Figure 3.1. A diagram H for ((S1 × S2)#n,U) in Lemma 3.7. The intersection
point Θw is labeled with solid dots. The two shaded bigons are disks contributing
to the relation ∂(Θw) = (Vz + Vz′) ·Θz.
Suppose that w and z are new basepoints for a link L = (L,w, z), contained in a single component
of L\ (w∪z), such that w immediately follows z with respect to the links orientation. Suppose that
σ : w∪ z→ P is a coloring and that σ′ : w∪ z∪{w, z} → P is a coloring which extends σ. Suppose
also that z is given the same color as the other z-basepoint adjacent to w. We will describe filtered
equivariant chain maps
S+w,z : CFL−(Y,Lσ, s)→ CFL−(Y, (L+w,z)σ
′
, s)
and
S−w,z : CFL−(Y, (L+w,z)σ
′
, s)→ CFL−(Y,Lσ, s),
which are well-defined on the transitive chain homotopy type invariants. Here L+w,z denotes the
multi-based link (L,w ∪ {w}, z ∪ {z}). If instead z follows w, there are maps S+z,w and S−z,w, which
are defined analogously. We will call these the type-S quasi-stabilization maps.
Remark 4.1. Our notation for the quasi-stabilization follows the right-to-left convention described
in Section 1.6. If we write S◦w,z, the implication is that w immediately follows z. If we write S
◦
z′,w′ ,
the implication is that z′ immediately follows w′.
The construction of the type-S quasi-stabilization map is not symmetric between the w and the
z-basepoints. Instead, by reversing the roles of w and z-basepoints in the construction, we will
construct type-T quasi-stabilization maps T+w,z and T
−
w,z as well. If σ : w∪z→ P is a coloring which
is extended by σ′ : w∪ z∪{w, z} → P such that w is given the same color as the other w basepoint
adjacent to z, we will describe filtered, equivariant chain maps
T+w,z : CFL−(Y,Lσ, s)→ CFL−(Y, (L+w,z)σ
′
, s)
and
T−w,z : CFL−(Y, (L+w,z)σ
′
, s)→ CFL−(Y,Lσ, s).
We now provide the description of both the type-S and type-T quasi-stabilization maps on the
level of intersection points and Heegaard diagrams.
Suppose we are given a Heegaard diagram H = (Σ,α,β,w, z) for (Y,L), and w and z are new
basepoints on L, which are contained in a single component of L \ (w ∪ z). Furthermore, suppose
that w comes after z. Write w′ and z′ for the two basepoints of L which are adjacent to w and
z. Since w appears immediately after z on L, if follows from Definition 3.1 that the component of
L \ (w ∪ z) which contains w and z is contained in the Uα handlebody of Y \ Σ.
Let A denote the component of Σ\α containing w′ and z′. We pick a point p ∈ A\ (α∪β∪w∪z)
and a choice of new αs curve in A passing through p which cuts A into two pieces, one of which
contains w′ and one of which contains z′. Note that αs can in general intersect many different β
curves.
Let H0 = (D2, α0, β0, w, z) be a piece of a Heegaard diagram, where D2 is a disk, α0 is an arc
with both endpoints on ∂D2, which cuts D2 into two pieces, one of which contains w and one of
which contains z. Furthermore β0 is a closed curve which intersects α0 twice and bounds a disk
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containing the basepoints w and z. We then paste H0 onto H at p, so that α0 is lined up with αs.
This operation is called the special connected sum in [MO10]. An example of a quasi-stabilization
is shown in Figure 4.1.
αs
z
w
w′
z′
β0
A
w′
z′
Figure 4.1. Quasi-stabilizing a diagram. On the left, the region in the un-
stabilized diagram A ⊆ Σ \ α which contains w′ and z′ is shown. On the right, a
quasi-stabilization is shown which adds the two basepoints w and z between w′ and
z′.
Note that αs ∩ β0 consists of two points, which are distinguished by the gradings grw and grz.
We will write θw for the higher grw-graded intersection point and ξ
w for the lower. Somewhat
redundantly, we will write θz for the higher grz-graded intersection point, and ξ
z for the lower. By
inspection, we have that
θw = ξz and θz = ξw.
The type-S quasi-stabilization maps are defined by the formulas
S+w,z(x) = x⊗ θw
and
S−w,z(x⊗ θw) = 0 and S−w,z(x⊗ ξw) = x,
extendedR−P -equivariantly. Similarly, we define the type-T quasi-stabilization maps via the formulas
T+w,z(x) = x⊗ θz
and
T−w,z(x⊗ θz) = 0 and T−w,z(x⊗ ξz) = x,
extended equivariantly over R−P .
If w and z are two new adjacent basepoints, but z follows w, then a slight adaptation of the above
construction yields maps S+z,w, S
−
z,w, T
+
z,w and T
−
z,w. In this situation, if we let w
′ and z′ denote
the two basepoints of L which are adjacent to w and z, then w′ and z′ are contained in a single
component B ⊆ Σ \β. The quasi-stabilization maps are then defined in this case by picking a point
p ∈ B \ (α ∪ β ∪ {w′, z′}) and a simple closed curve βs ⊆ B \ β which intersects p and separates
w′ from z′. The quasi-stabilization construction is then performed by inserting a new α0 curve
intersecting βs twice, and bounding the new basepoints w and z. The same formulas as before are
used to define the maps S+z,w, S
−
z,w, T
+
z,w and T
−
z,w.
Remark 4.2. The quasi-stabilization maps are only defined when w and z are not the only basepoints
on their link component, since link Floer homology is only defined when all components of a link
have at least two basepoints.
The first step towards analyzing the quasi-stabilization maps is to understand when they are chain
maps. In [Zem17c], the following is proven using a neck-stretching argument:
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Proposition 4.3 ([Zem17c, Proposition 5.3]). Suppose H is a diagram for (Y,L), and let H+ be a
diagram for (Y,L+w,z), obtained by quasi-stabilizing H by adding w and z between the basepoints w′
and z′ on L. As modules, there is an isomorphism
CFL−(H+, s) ∼= CFL−(H, s)⊗F2 〈θw, ξw〉 ⊗F2 F2[Uw, Vz],
where 〈θw, ξw〉 denotes the 2 dimensional vector space over F2 spanned by θw and ξw. Furthermore,
for sufficiently stretched almost complex structures, there is an identification of differentials
∂H+ =
(
∂H Uw + Uw′
Vz + Vz′ ∂H
)
.
The above matrix is in terms of the generators θw and ξw, with θw corresponding to the first row
and column, and ξw corresponding to the second row and column.
Corollary 4.4. Suppose that L = (L,w, z) is a multi-based link in Y , and w and z are two new
basepoints added between w′ ∈ w and z′ ∈ z. If σ′ : w ∪ z ∪ {w, z} → P is a coloring, then
(1) S+w,z and S
−
w,z are chain maps if and only if σ
′(z) = σ′(z′);
(2) T+w,z and T
−
w,z are chain maps if and only if σ
′(w) = σ′(w′).
We have the following naturality result, concerning the quasi-stabilization maps:
Theorem 4.5 ([Zem17c, Theorem A]). If H1 and H2 are two diagrams for (Y,L) and H+1 and H+2
are two diagrams for (Y,L+w,z), obtained by quasi-stabilizing H with the basepoints w and z, then the
following diagram commutes up to chain homotopy:
CFL−(H1, σ, s) CFL−(H2, σ, s)
CFL−(H+1 , σ′, s) CFL−(H+2 , σ′, s)
S+w,z
ΦH1→H2
S+w,z
ΦH+1 →H
+
2
Here σ and σ′ are colorings of L and L+w,z, respectively, such that σ = σ′|w∪z and z is given the
same coloring as the other z basepoint adjacent to z. Analogous statements hold for the maps S−w,z,
T+w,z, and T
−
w,z.
We note that in [Zem17c], only the maps S+w,z and S
−
w,z were considered. Furthermore, they
were considered on a version of the link Floer complex denoted CFL◦UV , obtained by setting all of
the Vz variables on a link component K equal to a single variable VK . Nonetheless, the proof of
[Zem17c, Theorem A] adapts with only minor notational changes to prove Theorem 4.5.
4.2. The basepoint actions. Two maps which naturally appear in the link Floer TQFT are the
maps Φw and Ψz. We define these via the formulas
Φw(x) = U
−1
w
∑
y∈Tα∩Tβ
∑
φ∈pi2(x,y)
µ(φ)=1
nw(φ)#M̂(φ)Unw(φ)w V nz(φ)z · y,
and
Ψz(x) = V
−1
z
∑
y∈Tα∩Tβ
∑
φ∈pi2(x,y)
µ(φ)=1
nz(φ)#M̂(φ)Unw(φ)w V nz(φ)z · y.
Note that on the uncolored chain complexes, these can be thought of as “formal derivatives” of
the differential with respect to the variables Uw or Vz. Since the maps d/dUw and d/dVz are
not F2[Uw, Vz]-equivariant, the interpretation of Φw and Ψz as derivatives of the differential may
disappear once we tensor the complexes with R−P to form the colored complexes.
It is not hard to see that these maps commute with the change of diagrams maps, up to chain
homotopy, and induce well-defined maps on the transitive chain homotopy type invariants. A proof
of this fact is written down in [Zem17c, Lemma 3.2]. The maps Φw and Ψz will turn out to be the
cobordism maps of ([0, 1]× Y, [0, 1]× L), with dividing sets shown in Figure 4.2.
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Ψz
z
Φw
w
Figure 4.2. Decorated link cobordisms for the maps Φw and Ψz. The
underlying link cobordism is ([0, 1]× L, [0, 1]× Y ).
We now summarize several important properties of the maps Φw and Ψz. By differentiating the
expression ∂2 = ωL · id from Lemma 3.4 once, with respect to a variable in F2[Uw, Vz], we obtain
the following:
Lemma 4.6 ([Zem17c, Lemma 3.1]). If z is adjacent to w and w′ then
∂Ψz + Ψz∂ = Uw + Uw′ .
If w is adjacent to z and z′ then we have that
∂Φw + Φw∂ = Vz + Vz′ .
In particular, the maps Φw and Ψz are not chain maps on the uncolored complexes. In fact, Ψz is
a chain map if and only if the variables Uw and Uw′ are identified, and Φw is a chain map if and only
if the variables Vz and Vz′ are identified. Notice that this corresponds exactly to the condition that
the coloring of the basepoints is compatible with a coloring of the decorated surfaces from Figure 4.2.
The following is easily proven by differentiating the relations in Lemma 4.6 with respect to one of
the Uw or Vz variables:
Lemma 4.7 ([Zem17c, Lemmas 9.1 and 9.2]). If w, w′, z and z′ are basepoints on L, we have
ΦwΦw′ + Φw′Φw ' 0,
and
ΨzΨz′ + Ψz′Ψz ' 0.
We also have
ΦwΨz + ΨzΦw +N(w, z) · id ' 0,
where N(w, z) ∈ F2 is the number of components of L\(w∪z) which have both w and z as boundary.
Interpretations of the relations from Lemma 4.6 in terms of dividing sets on cylindrical link
cobordisms are shown in Figure 4.3.
Remark 4.8. it is often convenient to think of the maps Φw as being (d/dUw)(∂). Note that there
is a distinction between Φw = (d/dUw)(∂) and (d/dUw) ◦ ∂, i.e. between applying d/dUw to the
entries of a matrix representing ∂, and composing the map ∂ with the map d/dUw. The difference
between the two operations is reflected by the Leibniz rule for differentiating products. Hence on
the uncolored complex CFL−(H, s), the map Φw satisfies
Φw =
d
dUw
◦ ∂ + ∂ ◦ d
dUw
.
Similarly on the uncolored complex, we have
Ψz =
d
dVz
◦ ∂ + ∂ ◦ d
dVz
.
The chain homotopies d/dUw and d/dVz do in fact preserve the subcomplex CFL−(H, s), though
they are neither F2[Uw, Vz]-equivariant nor Zw ⊕ Zz-filtered. Hence they will not in general induce
well-defined maps after we color the complexes by tensoring with R−P . On the colored complexes,
the maps Φw and Ψz are often not chain homotopic to zero, even non-equivariantly. Compare
[Zem15, Corollary 14.11] for the analogous algebraic result for the closed 3-manifold invariants.
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+ ' 0
w′ z′
w zw′ z′
w z w′ z′
w zw′ z′
w z
+ ' 0
w′ z′
w zw′ z′
w z w′ z′
w zw′ z′
w z
z
wz
w z
wz
w z
wz
w
+ + ' 0
Φw′
Φw′Φw
Φw
Ψz′
Ψz
Ψz
Ψz′
Φw
ΦwΨz
Ψz
id
Figure 4.3. Interpretations of the relations from Lemma 4.7 in terms of
dividing sets on [0, 1] × L. The top left is ΦwΦw′ + Φw′Φw ' 0. The top right
is ΨzΨz′ + Ψz′Ψz ' 0. The bottom is ΦwΨz + ΨzΦw + id ' 0 when N(w, z) = 1.
The top two relations represent equivalent dividing sets. The three dividing sets in
the bottom relation form a bypass triple.
The maps Φw and Ψz are homotopy differentials (cf. [Zem17c, Lemma 9.7]):
Lemma 4.9. The endomorphisms Φw and Ψz satisfy
Φ2w ' 0 and Ψ2z ' 0,
through filtered, equivariant chain homotopies.
Proof. The two relations are an algebraic consequence of our expression for the curvature constant
ωL ∈ F2[Uw, Vz] from Lemma 3.4. We will show that Φ2w ' 0; the proof that Ψ2z ' 0 is analogous.
Write ∂ =
∑∞
k=0 ∂kU
k
w, where ∂i is thought of as an n × n matrix (where n is the number of
intersection points representing s) with entries in F2[Uw, Vz], which do not involve Uw. Using this
notation, we have
Φw =
∞∑
k=0
k∂kU
k−1
w and ∂
2 =
∑
k≥0
∑
n+m=k
∂n∂mU
n+m
w .
Applying Lemma 3.4 for any k ≥ 2, we have that
(3)
∑
m+n=k
∂n∂m = 0.
Define
H :=
∞∑
k=0
k(k − 1)
2
∂kU
k−2
w .
One now simply computes that
Φ2w + (∂H +H∂) =
∑
m,n≥0
(m+ n)(m+ n− 1)
2
∂n∂mU
n+m−2
w =
∞∑
k=0
k(k − 1)
2
Uk−2w
∑
n+m=k
∂n∂m,
which vanishes, because the k = 0 and k = 1 terms vanish trivially and the terms for k ≥ 2 vanish
by Equation (3). 
The dividing sets on [0, 1]×L corresponding to Φ2w and Ψ2z both contain a null-homotopic dividing
curve, bounding a disk. They are shown in Figure 4.4.
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z
wz
w z
wz
w
Ψz
Ψz
Φw
Φw
' 0 ' 0
Figure 4.4. The dividing sets corresponding to Φ2w (left) and Ψ
2
z (right)
on [0, 1] × L. Both Φ2w and Φ2z are chain homotopic to zero. The corresponding
dividing sets both have a null-homotopic closed curve, bounding a disk.
4.3. Relations between the basepoint actions and the quasi-stabilization maps. In this
section, we prove some relations between the quasi-stabilization maps and the maps Φw and Ψz.
As a first relation, we show that under favorable assumptions on the coloring L, the maps S◦w,z
and T ◦w,z can be related to each other using the maps Φw and Ψz:
Lemma 4.10. Suppose that L = (L,w, z) is a multi-based link and w and z are new basepoints, in
a single component of L \ (w ∪ z), and write w′ ∈ w and z′ ∈ z for the two basepoints adjacent to
w and z. If w and w′ are given the same color, and z and z′ are given the same color, then
T+w,z ' ΨzS+w,z and T−w,z ' S−w,zΨz.
Similarly
S+w,z ' ΦwT+w,z and S−w,z ' T−w,zΦw.
Proof. We consider the formula for the quasi-stabilized differential in Proposition 4.3. Using that
result, any disk which is counted by Φw has domain equal to the bigon going over w in the quasi-
stabilized region, and similarly any disk counted by Ψz has domain equal to the bigon going over z
in the quasi-stabilized region. Hence, using the matrix notation from Proposition 4.3, we have that
Φw =
(
0 id
0 0
)
and Ψz =
(
0 0
id 0
)
.
In terms of generators, the map Ψz satisfies Ψz(x × ξw) = 0 and Ψz(x × θw) = x × ξw, and Φw
satisfies a similar relation. Hence
(ΨzS
+
w,z)(x) = Ψz(x× θw) = x× ξw = x× θz = T+w,z(x).
The other relations follow similarly. 
The dividing set interpretations of the relations from Lemma 4.10 are shown in Figure 4.5.
S+w,z
Ψz
w′
wz′ w′z
z′ w′
wz′ w′z
z′
T+w,z
'
T+w,z
Φw
w′
wz′ w′z
z′ w′
wz′ w′z
z′
S+w,z
'
Figure 4.5. The dividing sets on [0, 1]×L ⊆ [0, 1]×Y corresponding to the
relations from Lemma 4.10.
As one might expect given the interpretation of the maps in terms of dividing set, the endomor-
phisms Φw and Ψz can each be defined as a compositions of a quasi-destabilization followed by a
quasi-stabilization:
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Lemma 4.11 ([Zem17c, Lemma 9.3]). Suppose that (z, w, z′) is a triple of consecutive and distinct
basepoints on a component of L, ordered right to left, and that σ is a coloring of L with σ(z) = σ(z′).
Then
Φw ' S+w,zS−w,z ' S+z′,wS−z′,w,
as endomorphisms of CFL−(H, σ, s).
Proof. By analyzing the quasi-stabilized differential appearing in Proposition 4.3, we see that Φw
satisfies Φw(x × θw) = 0 and Φw(x × ξw) = x × θw. On the other hand, this is the same as the
composition S+w,zS
−
w,z, by definition. The formula Φw ' S+z′,wS−z′,w is proven similarly. 
Symmetrically, we have the following:
Lemma 4.12. Suppose that (w, z, w′) is a triple of consecutive and distinct basepoints on a link
component of L, ordered right to left, and suppose that σ is a coloring of L such that σ(w) = σ(w′).
Then
Ψz ' T+w,zT−w,z ' T+z,w′T−z,w′
as endomorphisms of CFL−(H, σ, s).
Proof. The proof is similar to the proof of Lemma 4.11. 
The dividing set interpretation of the relations in Lemmas 4.11 and 4.12 is illustrated in Figure 4.6.
w zz′
S−w,z
S+w,z
'
w zz′
w zz′
Φw
w zz′
z w′w
T−w,z
T+w,z
'
z w′w
z w′w
Ψw
z w′w
Figure 4.6. The dividing sets on L× [0, 1] ⊆ Y × [0, 1] corresponding to the
relations from Lemmas 4.11 and 4.12.
Additionally we have the following:
Lemma 4.13. The quasi-stabilization maps satisfy
S−w,zS
+
w,z ' 0, T−w,zT+w,z ' 0, T−w,zS+w,z ' id, S−w,zT+w,z ' id,
and
S+w,zT
−
w,z + T
+
w,zS
−
w,z + id ' 0.
Proof. All of these relations follow immediately from the formulas used to define the quasi-stabilization
maps. 
The dividing set interpretation of the relations from Lemma 4.13 are shown in Figure 4.7.
We now consider the question of commuting the maps Φw and Ψz with the quasi-stabilization
maps. Versions of most of these relations can be found in [Zem17c, Section 9].
Suppose that A is a subarc of L, with ends on two w-basepoints. We do not exclude the case that
A consists of an entire link component of L, or that A consists of a single basepoint in w (though
in this latter case we think of A as being the empty arc). We define
ΨA :=
∑
z∈A∩z
Ψz.
Using Lemma 4.6, we see that ΨA is a chain map if and only if the endpoints of A share the same
color.
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S+w,z
S−w,z
' 0w z
T+w,z
T−w,z
' 0w z
'
S+w,z
T−w,z
w z
id
'
T+w,z
S−w,z
w z
id
T−w,z
S+w,z
w z
w z
S−w,z
T+w,z
w z
w z
id
w z
w z
' 0+ +
Figure 4.7. The dividing sets on [0, 1]×L ⊆ [0, 1]×Y corresponding to the
relations from Lemma 4.13.
Lemma 4.14. Suppose that (w, z) is a pair of new, adjacent basepoints on L, and A is a subarc of
L, with endpoints on two w-basepoints which are given the same color. Then the following relations
are satisfied:
ΨAS
◦
w,z + S
◦
w,zΨA ' 0 and ΨAT ◦w,z + T ◦w,zΨA ' 0,
for ◦ ∈ {+,−}.
Proof. We focus on the claim for S+w,z. Let P = w ∪ z ∪ {w, z}, and let σ : w ∪ z → P denote the
natural inclusion, and let σ′ : w ∪ z ∪ {w, z} → P denote the identity. Let H denote a diagram for
(L,w, z), and let H+ denote a quasi-stabilization of H constructed by adding the basepoints w and
z. We consider the complexes (CFL−(H, σ, s), ∂H) and (CFL−(H+, σ′, s), ∂H+). Note that ΨA is not
a chain map on these complexes. We will establish the stated relation on the uncolored complexes,
and it will persist to the colored complexes for a coloring which makes ΨA a chain map.
Using the computation of the quasi-stabilized differential from Proposition 4.3 as well as the
formulas for the map S+w,z, we can write
(4) ∂H+S+w,z + S
+
w,z∂H + (Vz + Vz′) · F = 0,
where F is the map F (x) = x × θ−w, extended linearly over R−P , and z′ denotes the z-basepoint
adjacent to w. We view Equation (4) as a matrix equation involving matrices over the intersection
points with coefficients in R−P . Define
DA :=
∑
s∈A∩(z∪{z})
d
dVs
.
Since ddVz (∂H) = 0, we note that DA(∂H) and DA(∂H+) can each be identified with the matrices
for ΨA on the complexes CFL−(H, σ, s) and CFL−(H, σ′, s), respectively. We also note that on the
quasi-stabilized link, it is either the case that both z and z′ are in A, or neither are in A, since w is
not an endpoint of A. Hence DA(Vz+Vz′) = 0. Using the Leibniz rule and the fact that DA(F ) = 0,
we see that
DA ((Vz + Vz′) · F ) = 0.
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Furthermore, we note that DA(S
+
w,z) = 0, by inspection of the formula for S
+
w,z. Hence, applying
DA to Equation (4) and using the Leibniz rule shows that
ΨAS
+
w,z + S
+
w,zΨA = 0.
The statements involving S−w,z, T
+
w,z and T
−
w,z follow from similar lines of reasoning. 
The analogous statement for the maps Φw also holds. If A is an arc on L connecting two z-
basepoints, we define
ΦA :=
∑
w∈A∩w
Φw.
The map ΦA is a chain map if and only if the two z-basepoints on the ends of A share the same
color. Analogously to Lemma 4.14, we have the following:
Lemma 4.15. Suppose that A is an arc on L between two z-basepoints of (L,w, z), and (w, z) is a
pair of new adjacent basepoints on L. Then
S◦w,zΦA + ΦAS
◦
w,z ' 0 and T ◦w,zΦA + ΦAT ◦w,z ' 0,
for ◦ ∈ {+,−}.
The proof of Lemma 4.15 follows the same strategy as the proof of Lemma 4.14. We now highlight
several useful special cases of the previous lemmas:
Lemma 4.16. Suppose that (L,w, z) is a multi-based link in Y and (w, z) is an adjacent pair of
new basepoints on L. The following hold:
(1) If w′ ∈ w is a basepoint (in particular w′ 6= w) then
S◦w,zΦw′ + Φw′S
◦
w,z ' 0.
(2) If z′ is not adjacent to w, then
S◦w,zΨz′ + Ψz′S
◦
w,z ' 0.
(3) If z′ ∈ z is adjacent to w (and z′ 6= z), then
S+w,zΨz′ ' (Ψz + Ψz′)S+w,z and S−w,z(Ψz + Ψz′) ' Ψz′S−w,z.
Proof. We will prove all the stated relations by applying Lemmas 4.14 and 4.15 for appropriately
chosen subarcs A of L . For example, to prove the relation in part (2), we let A be an arc between the
two w-basepoints adjacent to z′, so that ΨA = Ψz′ on both the stabilized and unstabilized complexes.
Similarly for the relation in part (3), we let A be the arc on L between the two basepoints in w (on
the unstabilized link) which are adjacent to z′.
The relations in part (1) require a slight additional argument. If z is not adjacent to w′, then
picking A to be arc between the two basepoints in z which are adjacent to w′, we see that ΦA = Φw′
on both the stabilized and unstabilized complexes. If z is adjacent to w′, then we instead have
ΦA = Φw′ on the unstabilized complex, and ΦA = Φw′ + Φw on the stabilized complex. Hence
Lemma 4.15 implies
S+w,zΦw′ ' (Φw′ + Φw)S+w,z and S−w,z(Φw′ + Φw) ' Φw′S−w,z.
Part (1) follows from the above two equations once we note that ΦwS
+
w,z ' 0 and S−w,zΦw ' 0, since
Φw ' S+w,zS−w,z and S−w,zS+w,z ' 0, by Lemmas 4.12 and 4.13, respectively. 
Interpretations of some of the relations from Lemma 4.16 in terms of dividing sets are shown in
Figure 4.8.
A convenient reformulation of some of the previous relations is the following:
Lemma 4.17. Suppose that (z′, w, z, w′) are four consecutive basepoints appearing on L and suppose
that σ is a coloring of L so that σ(w) = σ(w′) and σ(z) = σ(z′). Then
S−w,zΨzS
+
w,z ' id ' S−w,zΨz′S+w,z and T−w,zΦwT+w,z ' id ' T−w,zΦw′T+w,z.
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Φw′
S+w,z
w′zw
w′
S+w,z
Φw′
w′zw
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Ψz′
S+w,z
zwz′
z′
S+w,z
Ψz
zwz′
z′
S+w,z
Ψz′
zwz′
z′
'
' 0+ +
Figure 4.8. The dividing sets on [0, 1]×L ⊆ [0, 1]×Y corresponding to the
relations from Lemma 4.16. The top relation corresponds to diffeomorphic sets
of dividing arcs, while the bottom three dividing sets form a bypass triple.
Proof. We will focus on the relations S−w,zΨzS
+
w,z ' S−w,zΨz′S+w,z ' id, since the other relations
follow from a symmetrical argument replacing the w and z-basepoints.
From Lemma 4.13 we know that S−w,zT
+
w,z ' id. Lemma 4.10 implies that T+w,z ' ΨzS+w,z.
Combining these two relations yields S−w,zΨzS
+
w,z ' id.
Lemma 4.16 implies that
S−w,zΨzS
+
w,z ' S−w,zΨz′S+w,z + S−w,zS+w,zΨz′ ,
however S−w,zS
+
w,z ' 0 by Lemma 4.13, and hence we obtain
S−w,zΨzS
+
w,z ' S−w,zΨz′S+w,z,
completing the proof. 
Dividing set interpretations of the relations from Lemma 4.17 are shown in Figure 4.9.
S+w,z
Ψz
zw
z′
z′
z′
zwz′
S−w,z
S+w,z
Ψz′
S−w,z
zwz′
zwz′
z′
z′
id
z′
z′
' '
Figure 4.9. The dividing sets on [0, 1] × L ⊆ [0, 1] × Y corresponding to
some of the relations from Lemma 4.17.
In [Zem17c], we showed the following commutation result about quasi-stabilization maps:
Proposition 4.18 ([Zem17c, Theorem 8.1]). If (w, z) and (w′, z′) are two disjoint pairs of base-
points, with w following z and w′ following z′, then
S◦w,zS
◦′
w′,z′ ' S◦
′
w′,z′S
◦
w,z,
for any choice of ◦, ◦′ ∈ {+,−}. Commutation still holds if both of the pairs of basepoints (w, z)
and (w′, z′) appear with the opposite ordering (i.e. if z follows w and z′ follows w′, and we use the
maps S◦z,w and S
◦′
z′,w′ , instead).
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The proof of Proposition 4.18 can be found in [Zem17c, Section 8]. We will sketch most of the
necessary details in the proof of a similar result, Proposition 4.20, below. The proof in [Zem17c]
carries over without major change if we replace both S-quasi-stabilizations by T -quasi-stabilizations:
Proposition 4.19. If (w, z) and (w′, z′) are disjoint pairs of basepoints, with w following z and w′
following z′, then
T ◦w,zT
◦′
w′,z′ ' T ◦
′
w′,z′T
◦
w,z,
for any choice of ◦, ◦′ ∈ {+,−}. Commutation still holds if both of the pairs of basepoints (w, z)
and (w′, z′) appears with the opposite ordering (i.e. if z follows w and z′ follows w′, and we use the
maps T ◦z,w and T
◦′
z′,w′ , instead).
Propositions 4.18 and 4.19 should be expected from the interpretation of the maps in terms of
dividing sets. The dividing sets for two type-S quasi-stabilizations can always be moved past each
other. Similarly, the dividing sets for two type-T quasi-stabilizations can always be moved past each
other. Examples are shown in Figure 4.10.
S+w′,z′
S+w,z
wz′ zw′
S+w,z
S+w′,z′
wz′ zw′
'
T+w′,z′
T+w,z
wz′ zw′
'
T+w′,z′
T+w,z
wz′ zw′
Figure 4.10. The relations from Propositions 4.18 and 4.19 interpreted
in terms of dividing sets on [0, 1] × L ⊆ [0, 1] × Y. Two type-S quasi-
stabilizations can always be commuted past each other, and similarly to type-T
quasi-stabilizations can always be commuted past each other.
The previous two results do not tell us whether T ◦w,z and S
◦′
w′,z′ commute. In fact, we will later see
that they do not always commute (see Lemma 4.21). If one considers the interpretation of the maps
in terms of dividing sets, it is easy to see that the dividing sets for S◦w,z and T
◦′
w′,z′ will commute if w
is not adjacent to z′. Indeed this graphical interpretation is reflected by the holomorphic geometry:
Proposition 4.20. Suppose (w, z) are (w′, z′) are disjoint pairs of adjacent basepoints, with w
following z and w′ following z′. If w′ is not adjacent to z, then
T ◦w,zS
◦′
w′,z′ ' S◦
′
w′,z′T
◦
w,z,
for any choice of ◦, ◦′ ∈ {+,−}. The same result holds if z follows w and z′ follows w′, with T ◦w,z
changed to T ◦z,w and S
◦′
w′,z′ changed to S
◦′
z′,w′ , as long as z and w
′ are not adjacent.
Proof. We will only consider the case when w follows z and w′ follows z′. The argument follows
from a small modification of the argument used to show that the type-S quasi-stabilization maps
commute with each other [Zem17c, Section 8].
We start with a diagram H = (Σ,α,β,w, z) for the unstabilized link L = (L,w, z). We form the
doubly quasi-stabilized diagram H++ by inserting the two subdiagrams shown in Figure 4.11 at two
points p and p′ in Σ \α.
The diagrams H, H++, and the two intermediate, singly quasi-stabilized diagrams can be used to
compute all of the quasi-stabilization maps. Although the formulas for the two quasi-stabilization
maps look like they commute, it is important to note that we place very specific requirements on the
almost complex structures which can be used to compute the quasi-stabilization maps. To compute
S◦
′
w′,z′ , the almost complex structure must be stretched on the curve c
′ shown in Figure 4.11. To
compute T ◦w,z, one must stretch along the curve c. To compute the commutator of the two maps, we
must compute a change of almost complex structure map associated to changing the relative lengths
of the two necks. If Js is an almost complex structure on Σ× [0, 1]×R which is split in a cylindrical
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z
w
β0
αs
z′
w′
α′s
β′0
n1
n2m1 m2
n′1
n′2m
′
1 m′2
c c′θ
z
ξz
(ξw)′
(θw)′
Figure 4.11. We obtain H++ (shown) by quasi-stabilizing H at p, p′ ∈ Σ\α.
Multiplicities m1, m2, n1, n2, m
′
1, m
′
2, n
′
1 and n
′
2 are shown.
neighborhood of p and p′, and T = (T, T ′) is a pair of positive real numbers, we will write Js(T)
for an almost complex structure which has had necks of length T and T ′ inserted along the curves
c and c′, respectively.
By the definition of the quasi-stabilization maps, an almost complex structure Js(T, T
′) can be
used to compute S+w′,z′ if the change of almost complex structure map ΦJs(T,T ′1)→Js(T,T ′2) preserves
the element x× (θw)′ whenever T ′1, T ′2 ≥ T ′. Similarly Js(T, T ′) can be used to compute S−w′,z′ if the
map ΦJs(T,T ′1)→Js(T,T ′2) sends x× (ξw)′ to an element of the form x× (ξw)′+
∑
y cx,y ·y× (θw)′, for
some collection of cx,y ∈ R−P , whenever T ′1, T ′2 ≥ T ′. Similar criteria apply for the maps T+w,z and
T−w,z.
Proving commutation of the maps S◦
′
w′,z′ and T
◦
w,z thus amounts to analyzing the change of almost
complex structure map ΦJs(T1)→Js(T2). The map ΦJs(T1)→Js(T2) can be computed by counting index
0 holomorphic strips in Σ × [0, 1] × R for a non-cylindrical almost complex structure which agrees
with Js(T1) on Σ × [0, 1] × (−∞,−1] and agrees with Js(T2) on Σ × [0, 1] × [1,∞). We will use a
neck-stretching argument.
We let {Ti1}i∈N and {Ti2}i∈N denote two sequences of pairs of neck lengths, all whose components
approach +∞. Let J˜ i be a non-cylindrical almost complex structure interpolating Js(Ti1) and
Js(T
i
2). We can assume that the almost complex manifold (Σ × [0, 1] × R, J˜ i) contains the almost
complex submanifold (Σ\Ni({p, p′})× [0, 1]×R, Js) where Ni({p, p′}) is a nested sequence of regular
neighborhoods of the set {p, p′} whose intersection over i ∈ N is {p, p′}. Also Js is a fixed cylindrical
almost complex structure on Σ× [0, 1]× R.
Given a sequence of J˜ i-holomorphic disks ui, representing a Maslov index 0 homology class φ on
H++, we can extract a broken collection of limiting holomorphic curves on (Σ × [0, 1] × R, Js). As
in the proof of [MO10, Proposition 6.2], we can arrange the limiting curves on (Σ × [0, 1] × R, Js)
into a broken holomorphic disk U0 on (Σ,α,β), which has no boundary components mapping to αs
or α′s, as well as a collection of boundary degenerations A, which has boundary on α∪αs ∪α′s. We
will write φ0 for the total homology class of U0.
There are two cases to consider:
(1) p and p′ are in different components, Ap and Ap′ , of Σ \α.
(2) p and p′ are in the same component, Ap,p′ , of Σ \α.
Consider Case (1) first. This occurs exactly when (w, z) and (w′, z′) are not adjacent on L. In
this case, following the proof of [Zem17c, Lemma 8.3], the Maslov index µ(φ) satisfies the formula
µ(φ) = µ(φ0) + n1(φ) + n2(φ) + n
′
1(φ) + n
′
2(φ)
+m1(A) +m2(A) +m′1(A) +m′2(A) + 2
∑
D∈C(Σ\α)
D6=Ap,Ap′
nD(A).
Since φ0 has the broken holomorphic representative U0, we know that µ(φ0) ≥ 0, by transversality.
Since all of the other summands are nonnegative and µ(φ) = 0 by assumption, we know that all
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terms must be zero. It is easy to see that this implies that φ is a constant homology class. On
the other hand, a constant homology class always has a unique J˜ i-holomorphic representatives. It
follows that if T1 and T2 are two pairs of neck lengths, all of whose components are sufficiently
large, then ΦJs(T1)→Js(T2) is the identity map, on the level of intersection points. In particular, it
follows that S◦
′
w′,z′ and T
◦
w,z commute if (w, z) and (w
′, z′) are not adjacent.
Consider now Case (2), which is slightly more subtle. This case occurs when the pairs (w, z) and
(w′, z′) are adjacent on L. By hypotheses on the non-adjacency of z and w′, the four basepoints
must appear with ordering (w′, z′, w, z), read right to left.
In this case, the curves αs and α
′
s divide Ap,p′ ⊆ Σ \α into three connected components, A1, A2
and A3. Let us write A1 for the component that contains z, A2 for the component that contains w
and z′, and A3 for the component that contains w′. In the proof of [Zem17c, Lemma 8.3] the Maslov
index of φ is computed as
(5) µ(φ) = µ(φ0) + n1(φ) + n2(φ) + n
′
1(φ) + n
′
2(φ) +m1(A) +m′2(A) + 2
∑
D∈C(Σ\α)
D6=Ap,p′
nD(A).
As in Case (1), all the summands in the above equation must vanish. Unlike in Case (1), this does
not force the disk φ to be constant. Instead, there remains the possibility that all of the summands
in Equation (5) are zero, but that we have
m2(φ) = m2(A) = m′1(A) = m′1(φ) = 1.
The homology class can be described as a bigon in each of the quasi-stabilization regions glued to a
boundary degeneration with domain A2. This is easily seen to be a class in pi2(x × ξz × (ξw)′,x ×
θz × (θw)′). The only other classes which can contribute are the constant classes, which are always
counted. Hence it follows that if we write F = ΦJs(T1)→Js(T2) then
F (x× ξz × (θw)′) = x× ξz × (θw)′,
F (x× ξz × (ξw)′) = x× ξz × (ξw)′ + C · x× θz × (θw)′,
F (x× θz × (θw)′) = x× θz × (θw)′,
F (x× θz × (ξw)′) = x× θz × (ξw)′,
(6)
for some C ∈ F2 (which is not independent of T1 and T2). Note that the map F = ΦJs(T1)→Js(T2)
is R−P -equivariant, so the above formulas extend equivariantly over R−P .
We now explain why Equation (6) implies that S◦
′
w′,z′ and T
◦
w,z commute (in the case that the
basepoints are ordered (w′, z′, w, z), read right to left).
To see that the relation S+w′,z′T
+
w,z ' T+w,zS+w′,z′ follows from Equation (6), we pick neck lengths
0  T1  T ′1, so that Js(T1, T ′1) can compute the composition S+w′,z′T+w,z and we pick neck lengths
0  T ′2  T2, so that Js(T2, T ′2) can compute the composition T+w,zS+w′,z′ . Using the description of
F in Equation (6), we have
(FS+w′,z′T
+
w,z)(x) = x× θz × (θw)′
while also
(T+w,zS
+
w′,z′)(x) = x× θz × (θw)′,
implying that S+w′,z′T
+
w,z ' T+w,zS+w′,z′ on the level of transitive systems of chain complexes.
We now show that the relation S+w′,z′T
−
w,z ' T−w,zS+w′,z′ follows from Equation (6). We note that to
compute S+w′,z′T
−
w,z we do not need to compute any change of almost complex structures. However
to compute T−w,zS
+
w′,z′ we must insert a change of almost complex structure map between T
−
w,z and
S+w′,z′ on H++. We pick neck lengths T1, T ′1, T2 and T ′2 with the same relative sizes as above and
we compute that
(S+w′,z′T
−
w,z)(x× ξz) = x× (θw)′ and (S+w′,z′T−w,z)(x× (θz)′) = 0,
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while
(T−w,zFS
+
w′,z′)(x× ξz) = x× (θw)′ and (T−w,zFS+w′,z′)(x× θz) = 0,
so we see that T−w,zS
+
w′,z′ = S
+
w′,z′T
+
w,z.
One proves the relations T+w,zS
−
w′,z′ ' S−w′,z′T+w,z and T−w,zS−w′,z′ ' S−w′,z′T−w,z in a similar manner,
though we leave these last two computations to the reader. 
The strategy used in the previous proof fails to show, for example, that S+w′,z′ and T
−
w,z commute
if (w, z, w′, z′) are four basepoints on a link (ordered right to left). Using the interpretation of the
quasi-stabilization maps in terms of the dividing sets, we note that we should not expect these maps
to commute, as the dividing sets for the two compositions are different. The left two dividing sets
of Figure 4.12 represent the compositions T−w,zS
+
w′,z′ and S
+
w′,z′T
−
w,z, and are not isotopic. Instead,
the dividing sets satisfy a bypass triple with a third dividing set. This is reflected algebraically by
the following lemma, which we will not use elsewhere in the paper.
w z
w′ z′
w z
w′ z′
+
w z
w′ z′
+ ' 0
S+w′,z′
T−w,z
T−w,z
S+w′,z′ T
+
w′,z′
S−w,z
Figure 4.12. The dividing set interpretation of the relations from
Lemma 4.21. This is an example when two quasi-stabilization maps fail to com-
mute. The three dividing sets form a bypass triple.
Lemma 4.21. Suppose that L = (L,w, z) is a multi-based link in Y and (w, z, w′, z′) is a quadruple
of new basepoints, which are consecutive on L and not contained in w ∪ z. Then
T−w,zS
+
w′,z′ + S
+
w′,z′T
−
w,z ' T+w′,z′S−w,z,
as maps from CFL−(Y, (L+w,z)σ, s) to CFL−(Y, (L+w′,z′)σ
′
, s), where L+w,z and L
+
w′,z′ are obtained by
adding (w, z) or (w′, z′) to L, respectively, and σ and σ′ are colorings such that σ|L = σ′|L and all
of the quasi-stabilization maps are defined.
Proof. We start with the relation
T+w,zS
−
w,z + S
+
w,zT
−
w,z + id ' 0,
from Lemma 4.13 and then multiply on the left by T−w,zS
+
w′,z′ to get
T−w,zS
+
w′,z′T
+
w,zS
−
w,z + T
−
w,zS
+
w′,z′S
+
w,zT
−
w,z + T
−
w,zS
+
w′,z′ ' 0.
We now can manipulate the terms to see that
0 ' T−w,zS+w′,z′T+w,zS−w,z + T−w,zS+w′,z′S+w,zT−w,z + T−w,zS+w′,z′
' T−w,zS+w′,z′T+w,zS−w,z + T−w,zS+w,zS+w′,z′T−w,z + T−w,zS+w′,z′ (Proposition 4.18)
' T−w,zS+w′,z′T+w,zS−w,z + S+w′,z′T−w,z + T−w,zS+w′,z′ (Lemma 4.13)
' T−w,zΦw′T+w′,z′T+w,zS−w,z + S+w′,z′T−w,z + T−w,zS+w′,z′ (Lemma 4.10)
' T−w,zΦw′T+w,zT+w′,z′S−w,z + S+w′,z′T−w,z + T−w,zS+w′,z′ (Proposition 4.19)
' T+w′,z′S−w,z + S+w′,z′T−w,z + T−w,zS+w′,z′ (Lemma 4.17),
completing the proof. 
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4.4. Quasi-stabilization and basepoint moving maps. In this section, we describe some useful
formulas involving the quasi-stabilization maps and the diffeomorphism maps on link Floer homology
induced by moving basepoints. The relations in this section generalize the relations for moving
basepoints from [Zem17c].
We recall that we constructed quasi-stabilization maps for adding a new pair of adjacent basepoints
(w, z). The exact construction differed depending on the relative ordering of w and z. If w followed
z, we write S◦w,z and T
◦
w,z. If instead z follows w, then we write S
◦
z,w and T
◦
z,w. Analyzing our
proposed interpretation in terms of dividing sets, one should expect the two constructions to be
related by a diffeomorphism map. In this section, we prove a precise relation.
Suppose that L = (L,w, z0 ∪ {z′}) is a multi-based link. Suppose that (w, z) is a new pair of
adjacent basepoints, which are contained in a single component of L \ (w ∪ z0 ∪ {z′}), such that z′
is adjacent to w and immediately follows w with respect to the links orientation. Let τz
′→z be a
diffeomorphism
(7) τz
′→z : (Y,L,w, z0 ∪ {z′})→ (Y, L,w, z0 ∪ {z})
such that τz
′→z(z′) = z, and τz
′→z is the identity outside of a neighborhood of the arc between z′
and z. Define the diffeomorphism τz
′←z to be the inverse of τz
′→z.
Remark 4.22. Our notation for the basepoint moving maps follows the right-to-left convention de-
scribed in Section 1.6. Hence the notation τz
′→z and τz
′←z encodes the fact that z′ immediately
follows z with respect to the link’s orientation.
Lemma 4.23. There are chain homotopies
S+w,z ' S+z′,wτz
′→z
∗ and S
−
w,z ' τz
′←z
∗ S
−
z′,w.
Proof. We will focus on the relation S+w,z ' S+z′,wτz
′→z
∗ , since the other relation follows from a similar
argument.
We consider the diagram shown in Figure 4.13, which can be used to compute both S+w,z and
S+z′,w, though not a priori with the same almost complex structure. To compute the map S
+
w,z,
we need to stretch along the circle cβ , encircling β0, whereas to compute S
+
z′,w we need to stretch
along the curve cα, encircling the curve α0. The argument will proceed by analyzing a change of
almost complex structure map between an almost complex structure stretched along c and cα and
an almost complex structure stretched along c and cβ .
We pick a cylindrical almost complex structure Js on Σ× [0, 1]×R which is split in a neighborhood
of z′ on Σ. We construct the cylindrical almost complex structure Jα on Σ × [0, 1] × R by cutting
out a neighborhood of z′, and gluing in an almost complex structure on D2 × [0, 1] × R, for a disk
D2 containing the diagram shown in Figure 4.13. Furthermore, we assume that Jα has long necks
inserted along c and cα. Similarly we construct an almost complex structure Jβ which is stretched
along c and cβ .
We make the following two subclaims:
Subclaim (1): If Jα and J
′
α are two almost complex structures stretched along c and cα, then
ΦJα→J′α =
(
id ∗
0 id
)
,
as long as all neck lengths are sufficiently long (but irrespective of the relative lengths).
The matrix is written in terms of the notation from Proposition 4.3, with θw as the
first row and column and ξw as the second. A similar result holds for Jβ.
Subclaim (2): If Jα is sufficiently stretched along c and cα and Jβ is sufficiently stretched along c
and cβ then
ΦJα→Jβ =
(
id ∗
0 id
)
.
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w z′z
β0 α0
c
cα
β0 α0
c
cβ
ΦJα→Jβ
w z′z
w z′z
(Σ,α,β,w, z \ {z′}) #
β0 α0
θw
ξw
Jα Jβ
Figure 4.13. The diagram we consider in Lemma 4.23. On the bottom row,
we indicate the curves c, cα and cβ along which the almost complex structures Jα
and Jβ are stretched.
We note that a more detailed analysis would allow one to strengthen Subclaim (1), by proving
that the ∗ component of ΦJα→J′α can be taken to be 0, however we will not have need for this result.
The ∗ component in ΦJα→Jβ cannot be taken to be 0 in general, however.
The proofs of both Subclaims (1) and (2) follow the same line of reasoning, so we focus on
Subclaim (2). The argument is similar to the proof of Proposition 4.20. Suppose we take sequences
of almost complex structures {Jα,i}i∈N and {Jβ,i}i∈N, such that the neck lengths of Jα,i along c and
cα approach +∞, and the neck lengths of Jβ,i along c and cβ approach +∞ as well. We can pick
a sequence non-cylindrical almost complex structures J˜i, interpolating Jα,i and Jβ,i, such that the
(Σ× [0, 1]× R, J˜i) contains the almost complex submanifold
((Σ \Ni)× [0, 1]× R, Js),
for a nested sequence of open neighborhoods Ni ⊆ Σ such that
⋂
i∈NNi = {p}, for some point
p ∈ Σ. Also, importantly, we can do this for a fixed cylindrical almost complex structure Js on
Σ× [0, 1]×R. We will compute the map ΦJα,i→Jβ,i by counting index 0 holomorphic disks with the
almost complex structure J˜i.
Given a class φ = φΣ#φ0 ∈ pi2(x × x,y × y) with φΣ ∈ pi2(x,y) a class on (Σ,α,β) and φ0 ∈
pi2(x, y) a class on (S
2, α0, β0), the Maslov index of φ is easily computed to be
(8) µ(φ) = µ(φΣ) + grw(x, y) + 2nw(φ0),
where grw(x, y) is the drop in grw grading from x to y.
Given a sequence of J˜i-holomorphic curves ui representing a class φ = φΣ#φ0, we can extract a
limit to a broken curve UΣ representing φΣ (note that technically a limiting collection of curves would
also contain curves on (S2, α0, β0) though such curves are not important for our present argument).
In particular, the class φΣ would have a broken holomorphic representative, and hence µ(φΣ) ≥ 0.
Hence, Equation (8) implies that if grw(x, y) > 0, then µ(φΣ) ≤ −1, so there are no holomorphic
representatives. This implies that the lower left entry of the matrix for ΦJα→Jβ is 0. Similarly
if grw(x, y) = 0, then µ(φΣ) ≤ 0. By transversality and the existence of a broken holomorphic
representative of φΣ, we conclude that µ(φΣ) = 0, so φΣ is the constant class. Furthermore, nw(φ0) =
0. It is easy to see that this implies that φ must be a constant class. Conversely, the constant
homology classes always have representatives for J˜i, which are counted by ΦJα→Jβ . Hence the
diagonal entries of the change of almost complex structure map are identified with the identity map.
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The argument establishing the form of ΦJα→J′α is essentially the same.
Next, we consider the diffeomorphism map τz
′→z
∗ , on the unstabilized complexes. Let J
′
s denote
an almost complex structure obtained by stretching Js along c (note that the stretching is not
important for analyzing the diffeomorphism map τz
′→z
∗ , but will be the almost complex structure
we will later use). We claim that on the unstabilized diagram, the diffeomorphism map
τz
′→z
∗ : CFL−J′s(Σ,α,β,w, z0 ∪ {z
′})→ CFL−J′s(Σ,α,β,w, z0 ∪ {z})
takes the form
(9) τz
′→z
∗ (x) = x,
extended equivariantly over the ring F2[Uw, Vz]. The diffeomorphism map τz
′→z
∗ is the map induced
by naturality, and hence is the composition of a tautological map from CFL−J′s(Σ,α,β,w, z0 ∪ {z′})
to CFL−
τz′→z∗ J′s
(Σ,α,β,w, z0 ∪ {z}) (which by definition takes the form in Equation (9)), and the
change of almost complex structure map Φτz′→z∗ J′s→J′s . To establish this, let us write τt for an isotopy
of Σ (defined over all t ∈ R) with τt = id for t ≤ 0 and τt = τz′→z for t ≥ 1, which is supported in
a neighborhood of a small path from z′ to z. We define a self-diffeomorphism of Σ × [0, 1] × R by
the formula P (x, s, t) = (τ−t(x), s, t), and we consider the non-cylindrical almost complex structure
J˜ := P∗J ′s, which interpolates τ
z′→z
∗ J
′
s for t ∈ (−∞, 0] and J ′s for t ≥ 1. Furthermore, since P fixes
the cylinders (α∪β)×{0, 1}×R, there is a bijection between the index 0 holomorphic disks counted
by the change of almost complex structure map Φτz′→z∗ J′s→J′s and the set of index 0 J
′
s-holomorphic
disks. However J ′s is a cylindrical almost complex structure, so by transversality, the set of index 0
J ′s-holomorphic disks consists of only the constant disks. Hence Φτz′→z∗ J′s→J′s also only counts the
constant homology classes, and is thus the identity map on intersection points.
Finally, proving the lemma statement is just a matter of putting the pieces together. Subclaim (1)
shows that Jα and Jβ can be used to compute the quasi-stabilization maps since additional stretching
on cα and cβ preserves the images of the maps S
+
w,z and S
+
z′,w, respectively. On the other hand,
using Subclaim (2), Equation (9), and the definitions of the quasi-stabilization maps, we directly
compute that the following diagram commutes:
CFL−J′s(Σ,α,β,w, z0 ∪ {z′}) CFL
−
Jα
(Σ,α ∪ {α0},β ∪ {β0},w ∪ {w}, z0 ∪ {z, z′})
CFL−J′s(Σ,α,β,w, z0 ∪ {z}) CFL
−
Jβ
(Σ,α ∪ {α0},β ∪ {β0},w ∪ {w}, z0 ∪ {z, z′})
τz
′→z
∗
S+w,z
ΦJα→Jβ
S+
z′,w
completing the proof. 
The interpretation of Lemma 4.23 in terms of dividing sets is shown in Figure 4.14.
w zz′ w zz′
z′ z′
'S+w,z
τz
′→z
∗
S+z′,w
z
z′
w zz′
z′
'S−w,z
τz
′←z
∗
S−z′,w
z
w zz′
Figure 4.14. The dividing set interpretation of the relations from
Lemma 4.23. The dashed arrows in Σz indicate which basepoints are identified
by the diffeomorphism and quasi-stabilization maps. Note that the dashed arrows
are not part of the decoration of the surfaces appearing in our TQFT.
We now state the analog of Lemma 4.23 for the type-T quasi-stabilization maps. Suppose that
L = (L,w0∪{w′}, z) is a multi-based link, and that (w, z) is a pair of new basepoints in a component
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of L \ (w0 ∪{w′}∪ z), z is adjacent to w′, and the three basepoints are ordered (w, z, w′), read right
to left. There is a diffeomorphism
τw←w
′
: (Y,L,w0 ∪ {w′}, z)→ (Y, L,w0 ∪ {w}, z),
well-defined up to isotopy, which satisfies
τw←w
′
(w′) = w
and which is the identity outside of a neighborhood of the arc from w to w′. Define the diffeomor-
phism τw→w
′
to be the inverse of τw←w
′
. Analogously to Lemma 4.23, we have the following:
Lemma 4.24. There are chain homotopies
T+w,z ' T+z,w′τw←w
′
∗ and T
−
w,z ' τw→w
′
∗ T
−
z,w′ .
Proof. The proof follows by switching the roles of the w and z-basepoints in the proof of Lemma 4.23
. 
The interpretation of Lemma 4.24 in terms of surfaces with divides is shown in Figure 4.15.
'T+w,z
τw←w
′
∗
T+z,w′
zw w′
w′
zw w′
w′
w
w′
zw w′
w′
'T−w,z
τw→w
′
∗
T−z,w′
w
zw w′
Figure 4.15. The interpretation of the relations from Lemma 4.24 in
terms of dividing sets. The dashed arrows show how the basepoints are identified
using the maps, but are not part of the data of the TQFT.
We now extend Lemmas 4.23 and 4.24 by combining them with some previous results:
Lemma 4.25. Suppose that (L,w, z0∪{z}) is a multi-based link, and (z′, w) are two new basepoints
in a single component of L \ (w ∪ z0 ∪ {z}), such that (z′, w, z) form a consecutive triple of base-
points (ordered right to left). The map induced by the diffeomorphism τz
′←z : (Y,L,w, z0 ∪ {z}) →
(Y,L,w, z0 ∪ {z′}) satisfies
τz
′←z
∗ ' T−w,zS+z′,w ' S−w,zT+z′,w.
Proof. We start with the relation
(10) S+w,zτ
z′←z
∗ ' S+z′,w,
which is obtained by rearranging Lemma 4.23. We compose Equation (10) with T−w,z on the left to
get
T−w,zS
+
w,zτ
z′←z
∗ ' T−w,zS+z′,w.
Noting that T−w,zS
+
w,z ' id by Lemma 4.13, we obtain the relation τz
′←z
∗ ' T−w,zS+z′,w.
To obtain the relation T−w,zS
+
z′,w ' S−w,zT+z′,w, we perform the following manipulation:
T−w,zS
+
z′,w ' S−w,zΨzS+z′,w (Lemma 4.10)
' S−w,zΨz′S+z′,w + Ψz′S−w,zS+z′,w (Lemma 4.16)
' S−w,zT+z′,w + Ψz′S−w,zS+z′,w (Lemma 4.10).
Note that if we can show that Ψz′S
−
w,zS
+
z′,w ' 0 we will be done. To establish this, we note that
Ψz′S
−
w,zS
+
z′,w ' Ψz′S−w,zS+w,zτz
′←z
∗ by Lemma 4.23, and S
−
w,zS
+
w,z ' 0 by Lemma 4.13. 
The relations from Lemma 4.25 are illustrated in Figure 4.16.
Analogously to Lemma 4.25, we have the following result about moving a single w basepoint:
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'τz→z′∗
z′
z
S+z′,w
T−w,z
z′
z
wz′ z '
T+z′,w
S−w,z
z′
z
wz′ z
Figure 4.16. The dividing set interpretation of the relations from
Lemma 4.25.
Lemma 4.26. Suppose that (L,w0 ∪ {w}, z) is a multi-based link, and (z, w′) are a new pair of
basepoints, which are contained in a single component of L\ (w0∪{w}∪z) such that w immediately
follows z. The map associated to the diffeomorphism τw→w
′
: (Y, L,w0∪{w}, z)→ (Y, L,w0∪{w′}, z)
satisfies the relations
τw→w
′
∗ ' S−w,zT+z,w′ ' T−w,zS+z,w′ .
Proof. One simply switches the roles of w and z in the proof of Lemma 4.25. 
We now give some further expressions for the diffeomorphism maps induced by moving basepoints,
which will be useful throughout the paper. Suppose that L = (L,w0 ∪ {w}, z0 ∪ {z}) is a multi-
based link, such that w and z are adjacent, and w follows z. Suppose that (w′, z′) are two new
basepoints, contained in the component of L\ (w0∪z0∪{w, z}) which immediately follows w. Write
τ (w
′,z′)←(w,z) for a diffeomorphism
(11) τ (w
′,z′)←(w,z) : (Y,L,w0 ∪ {w}, z ∪ {z})→ (Y,L,w0 ∪ {w′}, z0 ∪ {z′}),
which moves (w, z) to (w′, z′), but is fixed outside of a subinterval of L containing (w′, z′, w, z).
Lemma 4.27. Suppose that L = (L,w0 ∪{w}, z0 ∪{z}) and (w′, z′) are as above, with (w′, z′, w, z)
forming a tuple of consecutive basepoints (ordered right to left). Writing τ (w
′,z′)←(w,z) for the dif-
feomorphism from Equation (11), we have
τ
(w′,z′)←(w,z)
∗ ' S−w,zT+w′,z′ ' S−w,zΨz′S+w′,z′ ' T−w,zΦwT+w′,z′ .
If instead the basepoints are ordered (w, z, w′, z′) (read right to left), and τ (w,z)→(w
′,z′) is the diffeo-
morphism constructed by moving (w, z) to (w′, z′), analogous to the previous situation, then
τ
(w,z)→(w′,z′)
∗ ' T−w,zS+w′,z′ ' S−w,zΨzS+w′,z′ ' T−w,zΦw′T+w′,z′ .
Proof. Suppose first that the basepoints are ordered (w′, z′, w, z), read right to left. First note that
we can decompose the diffeomorphism τ (w
′,z′)←(w,z) as the composition τz
′←z ◦τw′←w. We compute
τ
(w′,z′)←(w,z)
∗ ' τz′←z∗ τw
′←w
∗
' S−w,zT+z′,wτw
′←w
∗ (Lemma 4.25)
' S−w,zT+w′,z′ (Lemma 4.24).
Note that on the intermediate link Floer complex with all four basepoints (w, z, w′, z′), we give w
and w′ the same color, and z and z′ the same color. Applying Lemma 4.10, we see that
S−w,zT
+
w′,z′ ' S−w,zΨz′S+w′,z′ and S−w,zT+w′,z′ ' T−w,zΦwT+w′,z′ ,
completing the proof in the case that the basepoints are ordered (w′, z′, w, z), read right to left.
The proof of the relations in the case that the basepoints are ordered (w, z, w′, z′), read right to
left, is a simple modification. 
The dividing set interpretation of some of the relations from Lemma 4.27 is shown in Figure 4.17.
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'τ (w′,z′)←(w,z)∗
z′
zw
w′ z′
zw
w′
zw
z′w′
zw
z′w′
' '
T+w′,z′
S−w,z
T+w′,z′
T−w,z
Φw
S+w′,z′
S−w,z
Ψz′
Figure 4.17. The dividing set interpretation of the relations from
Lemma 4.27.
4.5. Quasi-stabilization and Heegaard triples. In this section, we state a useful result about
quasi-stabilization and triangle maps, from [MO10].
Given a Heegaard triple (Σ,α,β,γ), there is a 4-manifold Xα,β,γ , described by Ozsva´th and
Szabo´ [OS06, Section 2.2]. Let ∆ denote a 2-cell, viewed as a triangle with boundary edges labeled
eα, eβ and eγ . If τ ∈ {α,β,γ}, write Uτ for the 3-dimensional handlebody which has boundary
−Σ and has τ as a collection of compressing disks. The 4-manifold Xα,β,γ is defined as
Xα,β,γ := ((∆× Σ) unionsq (eα × Uα) unionsq (eβ × Uβ) unionsq (eγ × Uγ)) /∼,
where ∼ denotes gluing eτ × Uτ to ∆× Σ in the natural way.
Given a Heegaard triple (Σ,α,β,γ,w, z), as well as a curve αs ⊆ Σ \α and a distinguished point
p ∈ αs \ (β ∪ γ), we can construct a quasi-stabilized Heegaard triple T +αs,p, as shown in Figure 4.18.
Note that the 4-manifolds Xα,β,γ and Xα∪{αs},β∪{β0},γ∪{γ0} are canonically diffeomorphic, since
both are constructed by gluing Σ×∆ together with the handlebodies Uα×eα, Uβ×eβ and Uγ×eγ ,
and the Heegaard surface and the 3-dimensional handlebodies Uα, Uβ and Uγ are unchanged when
we quasi-stabilize. Furthermore, it is straightforward to see that if ψ ∈ pi2(x,y, z) is a homology class
of triangles on the triple (Σ,α,β,γ) and ψ0 is a triangle on the subdiagram (S
2, αs, β0, γ0) which
has the same multiplicity on both sides of αs at the connected sum point, then sw(ψ#ψ0) = sw(ψ)
(note however that not all homology classes of triangles on T +p,αs can be written as ψ#ψ0 for such
triangles ψ and ψ0).
If Js is an almost complex structure on Σ × [0, 1] × R which is split in a neighborhood of p, we
will write Js(T ) for an almost complex structure obtained from Js by inserting a sufficiently large
neck along the curve c, shown in Figure 4.18.
We will write (abusing notation slightly)
αs ∩ β0 = {θw, θz}, αs ∩ γ0 = {θw, θz} and β0 ∩ γ0 = {θ+, θ−},
In the above expressions, if o ∈ {w, z}, then we write θo for the top gro-graded intersection point
when the designation as top and bottom degree intersection point depends on the choice of grading.
We write θ+ for the top graded intersection point (when the designation is independent of the choice
of grading).
We state the following:
Proposition 4.28 ([MO10, Proposition 5.2]). Suppose that T = (Σ,α,β,γ,w, z) is a strongly s-
admissible triple and suppose that αs is a new α-curve, passing through the point p ∈ Σ. Let T +αs,p
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β0
αs
γ0
w
z
c
θ+
θ−
θw θw θzθz
Figure 4.18. The quasi-stabilized triple T +αs,p from Proposition 4.28
.
denote the quasi-stabilized Heegaard triple, as in Figure 4.18. For sufficiently large T , we have
FT +αs,p,Js(T ),s(x× θ
w,y × θ+) = FT ,Js,s(x,y)⊗ θw and
FT +αs,p,Js(T ),s(x× θ
z,y × θ+) = FT ,Js,s(x,y)⊗ θz.
Remark 4.29. Proposition 4.28 was used [Zem17c] in order to prove that the quasi-stabilization maps
are natural. It implies that the quasi-stabilization maps S◦w,z and T
◦
w,z commute with handleslides
and isotopies of the β curves on the unstabilized diagram. However Proposition 4.28 is not sufficient
to show that the quasi-stabilization maps commute with moves of the α curves, or are independent
of the choice of αs curve. To fully show naturality of the quasi-stabillization maps, one needs
an additional triangle count [Zem17c, Theorem 6.5], which has a non-trivial requirement on the
unstabilized Heegaard triple (Σ,α,β,γ).
5. Maps for 4-dimensional handles
In this section we define maps for 4-dimensional handles attached in Y \L. The maps we describe
in this section are modifications of the maps from [OS06], though there are some notable differences.
5.1. Framed spheres and handle attachment cobordisms.
Definition 5.1. A framed k-sphere in Y \ L is a map
S : Sk ×D3−k → Y \ L
which is an embedding.
Given a framed k-sphere S in Y \ L, we define the surgery of S to be the 3-manifold
Y (S) := (Y \ int(im(S))) ∪ (Dk+1 × S3−k−1).
Note that the link L ⊆ Y induces a link L ⊆ Y (S). We define the trace of S to be the 4-manifold
W (Y,S) := ([0, 1]× Y ) ∪Hk+1
where
Hk+1 := D
k+1 ×D3−k
is attached to {1}× im(S) ⊆ {1}×Y . We define the trace link cobordism of S to be the undecorated
link cobordism
W(Y, L, S) := (W (Y,S), [0, 1]× L) : (Y,L)→ (Y (S), L).
If S is instead a collection of framed spheres in Y \ L, with pairwise disjoint images, we can
still form the surgered manifold Y (S) and the trace link cobordism W(Y, L, S), by performing the
surgeries or handle attachments simultaneously.
Note that although S−1×D4 is the empty set, it is useful to distinguish between a (−1)-dimensional
sphere S−1, and the framed link with no components S∅. We define the trace of S∅ to be [0, 1]×Y ,
while we define the trace of a (−1)-dimensional sphere S−1 to be ([0, 1]× Y ) unionsqD4.
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5.2. 0-handle and 4-handle maps. We now describe handle attachment maps for 0-handles and
4-handles, which we think of as the maps for framed (−1)- and 3-dimensional spheres in Y \ L. In
terms of decorated link cobordisms, the 0-handle map will be the cobordism map for a decorated
link cobordism (W,F) with F = (Σ,A), where W has a Morse function f such that there is a point
p ∈ int(W ) which is the unique critical point of f , f |Σ and f |A, and has index 0 for all three. The
4-handle map will correspond to a similar cobordism, but turned upside.
Suppose that (Y,L) is a 3-manifold containing a multi-based link, and let (S3,U) denote a copy of
S3 containing a doubly based unknot. Write L = (L,w, z) and U = (U,w, z), and let (Σ,α,β,w, z)
be a diagram for (Y,L). Let (S2, w, z) denote a diagram for (S3,U) which has no α- or β-curves.
Suppose that σ : w∪ z→ P is a coloring, and σ′ : w∪ z∪{w, z} → P is a coloring which extends σ.
We now describe the 0-handle map
FY,L,S−1,sˆ : CFL−(Y,Lσ, s)→ CFL−(Y unionsq S3, (L unionsq U)σ
′
, s unionsq s0).
Here sˆ is the unique Spinc structure on [0, 1]× Y ∪D4 which extends s.
Noting that the set of intersection points on the diagrams (Σ,α,β) and (Σ unionsq S2,α,β) are equal,
we define the map
FY,L,S−1,sˆ : CFL−(Σ,α,β,w, z, σ, s unionsq s0)→ CFL−(Σ unionsq S2,α,β,w, z, σ′, s unionsq s0)
via the formula
(12) FY,L,S−1,sˆ(x) = x.
The map FY,L,S−1,sˆ is a chain map and commutes with the change of diagrams maps for Y .
Dually, a framed 3-sphere in a 3-manifold consists of a distinguished component of Y which is
identified with S3. If this copy of S3 contains a doubly based unknot U, we can define the 4-handle
map
FY,L,S3,sˆ : CFL−(Y unionsq S3, (L unionsq U)σ
′
, s unionsq s0)→ CFL−(Y,Lσ, s)
using the inverse of the formula for the 0-handle in Equation (12).
5.3. 1-handle and 3-handle maps. We now describe the 1-handle and 3-handle maps. The
constructions we present are similar but not identical to the 1-handle and 3-handle maps defined
in [OS06]. See also the construction of 1-handle and 3-handle maps from [Juh16]. If (Y,L) is a
3-manifold with a multi-based link, a 1-handle is the trace cobordism of a framed 0-sphere in Y .
Similarly a 3-handle is the trace cobordism of a framed 2-sphere.
Suppose Si is a framed i-sphere in Y \ L, for i ∈ {0, 2}. Given a Spinc structure s on Y , there is
a unique Spinc structure sˆ on the trace W (Y, Si) which extends s. We let s′ denote the restriction
of sˆ to Y (Si). In this section, we describe 1- and 3-handle maps
FY,L,Si,sˆ : CFL−(Y,Lσ, s)→ CFL−(Y (Si),Lσ, s′).
Let us describe the 1-handle map first. We start with a diagram H = (Σ,α,β,w, z) such that
the image of S0 intersects Σ in two disks D1 and D2 which are in the complement of α∪β ∪w ∪ z.
We can form a diagram H′ = (Σ′,α′,β′,w, z) for (Y (S0),L) by defining
Σ′ := (Σ \ (D1 ∪D2)) ∪A,
where A is an annulus, and defining
α′ := α ∪ {α0} and β′ := β ∪ {β0},
where α0 and β0 are two homologically essential curves in A which intersect in exactly two points.
We will write α0 ∩ β0 = {θ+, θ−}. The two points θ+ and θ− are distinguished by the Maslov
grading (note that both grw and grz induce the same decomposition of α0∩β0 into higher and lower
intersection points). The 1-handle map
FY,L,S0,sˆ : CFL−(H, σ, s)→ CFL−(H′, σ, s′)
is defined via the formula
FY,L,S0,sˆ(x) = x× θ+,
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extended equivariantly over R−P .
In the opposite direction, the 3-handle map for a framed 2-sphere S2 is defined by picking a
Heegaard diagram H′ = (Σ′,α ∪ {α0},β ∪ {β0},w, z) such that Σ′ intersects S2 in an annulus A,
which contains both the curves α0 and β0, which are homologically essential in A, and intersect in
two points, θ+ and θ−. Furthermore A intersects no curves in α or β. We let Σ denote the surface
obtained by removing A from Σ′ and filling in the two boundary components with disks. Write
H = (Σ,α,β,w, z). If sˆ ∈ Spinc(W (Y,S2)), write s and s′ for the restrictions of sˆ to Y and Y (S2),
respectively. The 3-handle map
FY,L,S2,sˆ : CFL−(H′, σ, s)→ CFL−(H, σ, s′)
is defined via the formula
FY,L,S2,sˆ(x× θ+) = 0 and FY,L,S2,sˆ(x× θ−) = x,
extended equivariantly over R−P .
Proposition 5.2. The 1-handle and 3-handle maps are chain maps for almost complex structures
which have been sufficiently stretched on the two boundary components of the annulus A. Further-
more, the 1- and 3-handle maps are well-defined in the sense that they commute with the change of
diagrams maps, up to filtered, equivariant chain homotopy.
Proposition 5.2 can be proven by adapting the proofs from [Zem15, Section 8], which carry over to
the setting of link Floer homology without major change. We will state an important holomorphic
triangle map computation which is proven in [Zem15] and used to prove well-definedness of the
1-handle and 3-handle maps. If T = (Σ,α,β,γ,w, z) is Heegaard triple with two points p1, p2 ∈
Σ\(α∪β∪γ∪w∪z) we construct a new Heegaard triple T + = (Σ′,α∪{α0},β∪{β0},γ∪{γ0},w, z),
as follows. We remove neighborhoods of the two points p1 and p2, and connect the resulting boundary
components with an annulus A to form the surface Σ′. In the annulus A, we add three homologically
essential curves α0, β0 and γ0. We assume that the intersection of subpair of {α0, β0, γ0} consists of
exactly two points. We will write (abusing notation slightly)
ξ0 ∩ ζ0 = {θ+, θ−}
whenever ξ0 and ζ0 are distinct elements of {α0, β0, γ0}. The diagram T + is shown in Figure 5.1.
β0
α0
γ0
θ+
θ−
θ+
θ+
θ−
θ−
Figure 5.1. The Heegaard triple T + used to show well-definedness of the
1- and 3-handle maps. The almost complex structure is stretched along the two
dashed curves.
It is a straightforward exercise using several Mayer-Vietoris exact sequences to show that there is
a canonical isomorphism
Spinc(Xα,β,γ) ∼= Spinc(Xα∪{α0},β∪{β0},γ∪{γ0}).
If s ∈ Spinc(Xα,β,γ), we will write sˆ for the corresponding element of Spinc(Xα∪{α0},β∪{β0},γ∪{γ0}).
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Suppose J is an almost complex structure on Σ×∆, which is split on a neighborhood of {p1, p2}×∆.
If T = (T1, T2) is a pair of neck lengths, write J(T) for an almost complex structure on Σ
′ × ∆
constructed from J with necks of length T1 and T2 inserted along the boundaries of the annulus A.
We state the following triangle count:
Proposition 5.3 ([Zem15, Theorem 8.8]). Suppose that T = (Σ,α,β,γ,w, z) is a Heegaard triple
with two chosen points p1, p2 ∈ Σ\(α∪β∪γ∪w∪z). Let T + = (Σ′,α∪{α0},β∪{β0},γ∪{γ0},w, z)
denote the triple described above. If J is an almost complex structure on Σ × ∆, and J(T) is the
almost complex structure on Σ′ × ∆ for a pair T = (T1, T2) of neck lengths, then whenever both
components of T are sufficiently large, we have that
FT +,sˆ,J(T)(x× θ+,y × θ+) = FT ,s,J(x,y)⊗ θ+
FT +,sˆ,J(T)(x× θ+,y × θ−) = FT ,s,J(x,y)⊗ θ− + F0(x,y)⊗ θ+
FT +,sˆ,J(T)(x× θ−,y × θ+) = FT ,s,J(x,y)⊗ θ− +G0(x,y)⊗ θ+,
where F0 and G0 are two maps CFL−(α,β)⊗CFL−(β,γ)→ CFL−(α,γ) (which are not independent
of J and T).
We now show that the 1-handle and 3-handle maps commute with each other. We note that if S
and S′ are disjoint framed spheres in Y , then there are diffeomorphisms
W (Y (S),S′) ◦W (Y,S) ∼= W (Y,S ∪ S′) ∼= W (Y (S),S′) ◦W (Y,S),
which are well defined up to isotopy (see Remark 10.2).
Lemma 5.4. Suppose that S and S′ are two framed spheres, which are pairwise disjoint, and which
are each either 0-dimensional or 2-dimensional. If s ∈ Spinc(W (Y,S,S′)), then
FY (S),L,S′,s|W (Y (S),S′)FY,L,S,s|W (Y,S) ' FY (S′),L,S,s|W (Y (S′),S)FY,L,S′,s|W (Y,S′) .
Proof. The formulas for the maps look like they commute, though one needs to pay attention to the
almost complex structures used to compute the two compositions, since it is not a priori obvious
that a single almost complex structure can be chosen to compute both. Our argument will be similar
to the proof of Lemma 4.20. We will show the result in the case that S and S′ are both framed
0-spheres, since this is the simplest case notationally. The claim when one or both of S and S′ is a
2-sphere follows from the small adaptation of the argument we present.
Let H = (Σ,α,β,w, z) be a diagram for Y , such that Σ intersects each component of the images
of S and S′ along a single disk, which is disjoint from α∪β∪w∪z. Let H++ = (Σ′′,α∪{α0, α′0},β∪
{β0, β′0},w, z) denote the diagram for Y (S,S′) obtained by surgering the diagram H. There are two
distinguished annuli, A and A′, as well as four curves c1, c2, c′1, and c
′
2 (the boundaries of A and A
′)
along which we will stretch the almost complex structure. The subregions A and A′ of the diagram
H++ are shown in Figure 5.2.
β0
α0
c1
θ+
θ−
c2
β′0
α′0
c′1
(θ′)+
(θ′)−
c′2
Figure 5.2. The subregions A and A′ of the diagram H++. The almost
complex structures are stretched along the dashed curves labeled c1, c2, c
′
1 and c
′
2.
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The maps for surgery on S require the almost complex structure be stretched along c1 and c2,
while the maps for surgery on S′ require the almost complex structure be stretched along c′1 and c′2.
Suppose that T = (T1, T2, T
′
1, T
′
2) is a 4-tuple of neck lengths. Let Js be a cylindrical almost
complex structure on Σ× [0, 1]×R and let Js(T) be an almost complex structure on Σ′′× [0, 1]×R
which has had necks of length T1, T2, T
′
1 and T
′
2 inserted along c1, c2, c
′
1 and c
′
2, respectively. We
will show that if T1 and T2 are two 4-tuples of neck lengths and all eight components are sufficiently
large, then
(13) ΦJs(T1)→Js(T2)(x× θ+ × (θ′)+)) = x× θ+ × (θ′)+.
Importantly, we will prove that Equation (13) holds without any assumption about the relative sizes
of the 8 neck lengths, just that all are sufficiently large.
The map ΦJs(T1)→Js(T2) counts holomorphic disks of index 0 with an almost complex structure
on Σ′′ × [0, 1]× R which interpolates Js(T1) and Js(T2).
To prove Equation (13), we take two sequences Ti1 and T
i
2 of 4-tuples of neck lengths, all of
whose components approach +∞, as well as sequence of dynamic almost complex structures Ĵ i,
interpolating Js(T
i
1) and Js(T
i
2). We assume that (Σ
′′ × [0, 1]×R, Ĵ i) contains the almost complex
submanifold ((Σ \ Ni) × [0, 1] × R, Js), where Ni consists of the disjoint union of four disks in Σ.
Furthermore, we can arrange it so that Ni+1 ⊆ Ni and
⋂
i∈NNi consists of four points in Σ.
Suppose that ui is a sequence of Ĵ
i-holomorphic curves, which represent a Maslov index 0 class
φ#φ0#φ
′
0 ∈ pi2(x× θ+ × (θ′)+,y × y × y′),
where y ∈ α0 ∩β0 and y′ ∈ α′0 ∩β′0. A straightforward Maslov index computation using the formula
from [Lip06, Corollary 4.3] shows that
(14) µ(φ#φ0#φ
′
0) = µ(φ) + gr(θ
+, y) + gr((θ′)+, y′).
As in Lemma 4.20, from the sequence ui of Ĵ
i-holomorphic representatives of φ#φ0#φ
′
0, after
taking a subsequence, we can extract a limiting curve u on Σ × [0, 1] × R which represents the
homology class φ, so µ(φ) ≥ 0 by transversality. In particular, the expression on the right hand side
of Equation (14) is a sum of nonnegative terms, so each must be zero if φ#φ0#φ
′
0 has Maslov index
0. Hence
µ(φ) = 0, y = θ+ and y′ = (θ′)+.
By transversality, since u has Maslov index 0, it must represent the constant homology class. It
is straightforward to see that this implies that φ#φ0#φ
′
0 is itself the constant homology class. On
the other hand, the constant homology class always has a unique Ĵ i-holomorphic representative.
Equation (13) follows, and hence the 1-handle maps for S and S′ commute. 
5.4. 2-handle maps. Suppose L = (L,w, z) is a multi-based link in Y and S1 is a framed 1-
dimensional link in Y \L. We now describe maps FY,L,S1,s associated to a framed link S1 and Spinc
structure s ∈ Spinc(W (Y,S1)).
Let Lα denote the closure of the components of L \ (w ∪ z) which are oriented to start in w and
end in z. Let Lβ denote the closure of the components of L \ (z∪w) which start in z and end in w.
Definition 5.5. An α-bouquet, Bα, for a framed link S1 in Y \L is a collection of arcs which connect
each of the components of S1 to one of the components of Lα. We assume that there is exactly one
arc per component of S1, and each arc has one endpoint on S1 and one endpoint in Lα. A β-bouquet,
Bβ , for S1 is defined analogously, but with endpoints on Lβ instead.
Given a bouquet B for a framed link S1 ⊆ Y \L, we construct the sutured manifold Y (B) obtained
by removing a regular neighborhood of L ∪ B, and adding sutures corresponding to the basepoints
w and z.
Adapting [OS06, Definition 4.2] and [Juh16, Definition 6.3], we make the following definition:
Definition 5.6. Suppose L = (L,w, z) is a multi-based link in Y and S1 is a framed 1-dimensional
link in Y \ L. We say that a triple (Σ, α1, . . . , αn, β1, . . . , βn, β′1, . . . , β′n,w, z) is subordinate to a
β-bouquet Bβ for S1 if the following are satisfied:
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(1) After removing neighborhoods of the w and z-basepoints, the diagram
(Σ, α1, . . . , αn, βk+1, . . . , βn,w, z)
becomes a sutured diagram for Y (Bβ).
(2) The curves β1, . . . , βk are each a meridian of a different component of S1. In particular
(Σ, α1, . . . , αn, β1, . . . , βn,w, z)
is a diagram for (Y,L).
(3) The curves β′k+1, . . . , β
′
n are each small Hamiltonian translates of the curves βk+1, . . . , βn
respectively, with |βi ∩ β′j | = 2δij .
(4) For i = 1, . . . , k, the curve β′i is induced by the framing of the corresponding link component
that βi is a meridian of.
If (Σ,α,β,β′,w, z) is subordinate to a β-bouquet, then (Σ,β,β′,w, z) represents an unlink in
(S1×S2)#(g(Σ)−|S1|) with |w| components, each of which has exactly two basepoints. As such, regard-
less of the coloring, HFL−(Σ,β,β′,w, z, σ, s0) admits a distinguished element Θ+β,β′ by Lemma 3.6.
The 4-manifold Xα,β,β′ becomes diffeomorphic to W (Y, S1) once we fill in Yβ,β′ ⊆ Xα,β,β′ with
3- and 4-handles (see [OS06, Proposition 4.3]). As such, given s ∈ Spinc(W (Y, S1)), we can restrict
s to Spinc(Xα,β,β′). With this in mind, given an s ∈ Spinc(W (Y, S1)), we define the β-subordinate
2-handle map
F βY,L,S1,s : CFL−(Y,Lσ, s|Y )→ CFL−(Y (S1),Lσ, s|Y (S1))
via the formula
(15) F βY,L,S1,s(x) := Fα,β,β′,s(x⊗Θ+β,β′) =
∑
y∈Tα∩Tβ′
∑
ψ∈pi2(x,Θ+β,β′ ,y)
sw(ψ)=s
µ(ψ)=0
#M(ψ)Unw(φ)w V nz(φ)z · y.
Proposition 5.7. The map F βY,L,S1,s described in Equation (15) is independent of β-bouquet B and
the Heegaard triple subordinate to B, on the level of transitive systems of chain complexes.
Proposition 5.7 can be proven by adapting the proof of [OS06, Theorem 4.4] (see also [Juh16,
Theorem 6.9]), which carries over to this setting without major change.
We note that one slight difference to the argument from [OS06] is that we are working on the level of
chain complexes, instead of the level of homology. The element Θ+β,β′ ∈ HFL−(Σ,β,β′,w, z, σ, s0) is
only a well-defined homology class, not a well-defined cycle in the chain complex CFL−(Σ,β,β′,w, z, σ, s0).
Nonetheless, adding a boundary in CFL−(Σ,β,β′,w, z, σ, s0) to Θ+β,β′ only changes the 2-handle
map in Equation (15) by a filtered, equivariant chain homotopy, by the associativity relations for
the holomorphic triangle maps.
By adapting Definition 5.6, one defines what it means for a triple (Σ,α′,α,β,w, z) to be subor-
dinate to an α-bouquet Bα. For such a triple, the homology group HFL−(Σ,α′,α,w, z, σ, s0) will
have a distinguished element Θ+α′,α and we define the α-subordinate 2-handle map via the formula
FαY,L,S1,s(x) := Fα′,α,β,s(Θ
+
α′,α ⊗ x).
As with the case of the α-subordinate 2-handle maps, the argument from [OS06, Theorem 4.4] goes
through without major modification to show that FαY,L,S1,s is independent of the choice of α-bouquet
and triple subordinate to it.
Remark 5.8. Both the α- and β-subordinate 2-handle maps count triangles such that sw = s. This
is an inherent asymmetry of the 2-handle maps between the w and z-basepoints. This asymmetry
leads to the Alexander grading change formula in [Zem17b].
We now wish to show that FαY,L,S1,s and F
β
Y,L,S1,s are chain homotopic. The proof given by Ozsva´th
and Szabo´ in [OS06, Lemma 5.2] for the standard cobordism maps carries over without major change.
We state it as the lemma and outline their argument briefly:
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Lemma 5.9. If S is a framed 1-dimensional link in Y \ L and s ∈ Spinc(W (Y, S)), then the maps
FαY,L,S,s and F
β
Y,L,S,s are chain homotopic on the level of transitive systems of chain complexes.
Proof sketch. Let S′ be an isotopic copy of S, in the direction of the framing of S. One finds a
Heegaard quadruple (Σ,α′,α,β,β′,w, z) such that (Σ,α′,α,β,w, z) is triple subordinate to an
α-bouquet of S′, and (Σ,α,β,β′,w, z) is a triple subordinate to a β-bouquet of S. After surgering
Y along S, the framed link S′ ⊆ Y (S) becomes a collection of 0-framed unknots. Similarly after
surgering Y on S′, the link S ⊆ Y (S′) also becomes a collection of 0-framed unknots. The associativity
relations shows that,
FαY (S),L,S′,s0F
β
Y,L,S,s ' F βY (S′),L,S,s0FαY,L,S′,s.
Here we are writing s for the original Spinc structure on W (Y, S) and the corresponding Spinc
structure on W (Y,S′). Similarly we are writing s0 for the Spinc structures on W (Y (S),S′) and
W (Y (S′),S) which extends over the 3-handles which cancel S′ or S (resp.). The second map in each
of the compositions can be canceled by a composition of 3-handle maps, implying that F βY,L,S,s and
FαY,L,S′,s are related by post-composition by the diffeomorphism map associated to cancellations of
4-dimensional handles. 
Since the triangle maps are graded over 4-dimensional Spinc structures, and there is not a canon-
ical way to compose Spinc structures, they instead satisfy a Spinc composition law. We have the
following:
Proposition 5.10. If S and S′ are two disjoint framed 1-dimensional links in Y \ L, then
FY (S),L,S′,s2FY,L,S,s1 '
∑
s∈Spinc(W (Y,S∪S′))
s|W (Y,S)=s1,s|W (Y (S),S′)=s2
FY,L,S∪S′,s.
Proof. This follows from the associativity of the triangle maps [OS04b, Theorem 8.16]. 
6. Maps for band surgery
In this section, we construct maps associated to performing band surgery on a link in a 3-manifold.
A band B for a link L is an embedded copy of [−1, 1]×[−1, 1] in Y such that B∩L = {−1, 1}×[−1, 1].
In terms of link cobordisms, a band corresponds to a saddle cobordism with underlying 4-manifold
[0, 1]× Y . The surgered link L(B) is defined as the union
L(B) := (L \B) ∪ ([−1, 1]× {−1, 1}).
If L is an oriented link, an oriented band B is a band such that boundary orientation on ∂B is
the opposite of the orientation of L on B ∩L. If L is an oriented link and B is an oriented band for
L, then L(B) has a natural orientation induced by L. We will assume all bands are oriented.
In order to define the maps, we need to assume that the ends of the bands are disjoint from the
basepoints, and satisfy one of two configurations with respect to the basepoints. We will refer to
bands which have one of these two favorable configurations as α-bands or β-bands (see Definition 6.1).
If B has either of these configurations, then we can define
L(B) := (L(B),w, z),
which is a valid multi-based link in the sense of Definition 2.1.
If B is either an α-band or a β-band, we will define two maps
FwB , F
z
B : CFL−(Y,Lσ, s)→ CFL−(Y,Lσ(B), s).
The maps FwB and F
z
B correspond to decorated link cobordisms of the form ([0, 1]× Y,F) where F
is one of the saddle cobordisms shown in Figure 6.1.
As one might expect, there are some requirements on the coloring σ which ensure that the band
maps are well-defined chain maps. Analogously to the quasi-stabilization maps, the requirement on
the coloring corresponds nicely with the dividing set on the decorated link cobordism we associate
to the band maps.
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(Y,L)
(Y,L(B))
F zB F
w
B
Figure 6.1. Decorated link cobordisms corresponding to F zB and F
w
B . The
underlying 4-manifold is [0, 1]× Y .
We note that FwB and F
z
B represent genuinely different decorated link cobordisms. On the other
hand, there is a simple relation between the maps for α-bands and the maps for the β-bands, which
we prove in Section 9.4.
Finally, we remark that the maps in this section use the same Heegaard triples as the maps from
[AE16].
6.1. Heegaard triples and bands. In order to define maps for saddles, we need to restrict to
bands which satisfy one of the following conditions:
Definition 6.1. We say that a band Bα of an oriented multi-based link L = (L,w, z) is an α-band
if the ends of Bα occur in components of L \ (w ∪ z) which go from w-basepoints to z-basepoints.
We say that a band Bβ is a β-band if the ends of Bβ occur in components of L \ (w∪ z) going from
z-basepoints to w-basepoints. For a band B of either type, we always assume that the ends of B lie
in distinct components of L \ (w ∪ z).
If Bα is an α-band for L, then we can turn Y \ (N(L∪Bα)) into a sutured manifold by adding a
meridional suture for each basepoint of w∪z. Write L0 for the two components of L\ (w∪z) which
contain an end of B. We define the subset H ⊆ N(L ∪ Bα) to be points in N(L ∪ Bα) which live
over the subset L0 ∪Bα. In particular ∂H ∩N(L∪Bα) is a 4-punctured sphere, and each puncture
of S corresponds to one of the basepoints adjacent to an end of Bα.
Definition 6.2. If Bα is an α-band for L = (L,w, z), we say that the Heegaard triple
(Σ, α′1, . . . , α
′
n, α1, . . . , αn, β1, . . . , βn,w, z)
is subordinate to Bα if the following hold:
(1) After removing neighborhoods of the w and z-basepoints from the diagram
(Σ, α1, . . . , αn−1, β1, . . . , βn,w, z)
we obtain a sutured Heegaard diagram for the sutured manifold Y \ N(L ∪ Bα) (with
meridional sutures induced by the basepoints).
(2) α′1, . . . , α
′
n−1 are small Hamiltonian isotopies of the curves α1, . . . , αn−1 with |α′i∩αj | = 2δij ,
for i, j ∈ {1, . . . , n− 1}, where δij denotes the Kronecker delta.
(3) Let L0, S and H be as defined in the previous paragraph. Let A ⊆ S be the closed curve
which is specified up to isotopy by the property that A bounds a disk in H which separates
the two components of L0, and let A
′ ⊆ S denote the closed curve which is specified up to
isotopy by the property that A′ bounds a disk in H which separates the two components of
L0(B). Then αn is a curve which is obtained by projecting A onto Σ \ (α1 ∪ · · · ∪αn−1) and
α′n is the curve which is obtained by projecting A
′ onto Σ \ (α′1 ∪ · · · ∪ α′n−1).
A schematic of Definition 6.2 is shown in Figure 6.2.
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A′
A
Figure 6.2. The region H and the curves A and A′ in ∂(Y \ N(L0 ∪ Bα))
which induce αn and α
′
n. The curve A is a solid red circle, and A
′ is a dashed
red circle. The band Bα is shown shaded in gray. The curve αn is obtained from
A, and α′n is obtained from A
′.
Note that if (Σ, α′1, . . . , α
′
n, α1, . . . , αn, β1, . . . , βn,w, z) is subordinate to B
α, then the diagram
(Σ, α1, . . . , αn, β1, . . . , βn,w, z) is a diagram for (Y,L) and (Σ, α′1, . . . , α′n, β1, . . . , βn,w, z) is a dia-
gram for (Y,L(Bα)).
It is well known that any two sutured Heegaard diagrams for a sutured manifold can be connected
by a simple set of Heegaard moves [JT12, Proposition 2.37]. Applying this fact to the sutured
manifold Y \N(L ∪Bα), we obtain the following:
Lemma 6.3. Given an α-band Bα, any two triples subordinate to Bα can be connected by a sequence
of the following moves
(1) Isotopies Σt of the Heegaard surface inside of Y such that Σt ∩ (L ∪B) = w ∪ z for all t.
(2) Isotopies or handleslides amongst the β-curves.
(3) Isotopies or handleslides amongst the α1, . . . , αn−1 curves followed by the corresponding
handleslide or isotopy of the corresponding curve in α′1, . . . , α
′
n−1.
(4) Isotopies or handleslides of the curve αn across other α-curves.
(5) Isotopies or handleslides of the curve α′n across other α
′-curves.
(6) Stabilizations of the Heegaard triple, i.e., taking the internal connected sum of Σ in Y with
a torus T2 ⊆ Y such that there is a 3-ball B3 ⊆ Y containing T2 with B3∩ (Σ∪L∪B) = ∅.
On T2 we put three curves, α′0, α0 and β0, with |α0 ∩ β0| = 1 and α′0 a small Hamiltonian
isotopy of α0 with |α′0 ∩ α0| = 2.
Definition 6.2 can be easily modified to provide a definition of a Heegaard triple (Σ,α,β,β′) being
subordinate to a β-band. Similarly, Lemma 6.3 can be easily modified to give a set of moves between
any two Heegaard triples which are subordinate to a β-band.
If (Σ,α′,α,β,w, z) is a Heegaard triple subordinate to a band, we will define the band maps
by counting holomorphic triangles. To do this, it is important to understand the chain complex
CFL−(Σ,α′,α,w, z). To this end, we prove the following:
Lemma 6.4. If (Σ,α′,α,β,w, z) is a Heegaard triple subordinate to an α-band Bα ⊆ Y , then
(Σ,α′,α,w, z) is a diagram for an unlink in (a disjoint union of copies of) (S1 × S2)#g(Σ), and
every component of the unlink has exactly two basepoints, except one component, which has four.
Proof. Let (Yα′,α,Lα′,α) denote the 3-manifold and link induced by the diagram (Σ,α′,α,w, z).
Write Lα′,α for the underlying link of Lα′,α. Note that for i ∈ {1, . . . , n − 1} the pair (α′i, αi)
determines an embedded 2-sphere Si in Yα′,α which does not intersect Lα′,α. By surgering out Si,
we can reduce to the case that Σ consists of |Lα′,α| genus 0 components. There are |Lα′,α| − 1 of
these components which have no α′ or α curves, but have a single pair of w and z-basepoints, thus
determining an unknotted component of Lα′,α in Yα′,α with exactly two basepoints. There will be
one component of the resulting Heegaard diagram which contains the curves α′n and αn. A model
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diagram shows that for this link, α′n and αn can be taken to intersect twice on a genus zero Heegaard
surface such that each domain is a bigon containing a single basepoint, which is a diagram for an
unknot with four basepoints. 
6.2. Type-z band maps. We now construct the band maps for w bands, for both α bands and β
bands. Suppose first that Bα is an α-band and write w1, z1, w2 and z2 for the basepoints adjacent
to the ends of Bα. Let σ : w ∪ z→ P be a coloring. Assuming
σ(z1) = σ(z2),
we will define a map
F zBα : CFL−(Y,Lσ, s)→ CFL−(Y,L(Bα)σ, s).
Notice that the restriction on the coloring σ is exactly that the coloring on L is induced by a coloring
on the decorated link cobordism from Figure 6.1.
We take a Heegaard triple (Σ,α′,α,β,w, z) which is subordinate to Bα. Define the coloring
σ0 : w ∪ z→ (w ∪ z)/(z1 ∼ z2). By Lemmas 6.4 and 3.7, there is a distinguished element
Θw0 ∈ HFL−(Σ,α′,α,w, z, σ0, s0),
which is determined by the property that Θw0 generates
Maxgrw
(HFL−(Σ,α′,α,w, z, σ0, s0)) ∼= F2[Vz]/(Vz1 + Vz2)
as an F2[Vz]-module. We define Θw ∈ HFL−(Σ,α′,α,w, z, σ, s0) to be the image of Θw0 under the
natural map
(16) HFL−(Σ,α′,α,w, z, σ0, s0)→ HFL−(Σ,α′,α,w, z, σ, s0).
Note that the existence of the map from Equation (16) uses the assumption that σ(z1) = σ(z2).
The 4-manifold Xα′,α,β is diffeomorphic to [0, 1]×Y with a neighborhood of a 1-complex removed.
Hence the Spinc structure s ∈ Spinc(Y ) uniquely determines a Spinc structure on Xα′,α,β, which
restricts to the torsion Spinc structure s0 ∈ Spinc(Yα′,α). We also write s for the 4-dimensional
Spinc structure determined by s ∈ Spinc(Y ).
We now define the type-z band map for Bα to be
F zBα(−) := Fα′,α,β,s(Θw ⊗−) : CFL−(Σ,α,β,w, z, σ, s)→ CFL−(Σ,α′,β,w, z, σ, s),
by counting holomorphic triangles representing index 0 homology classes ψ with sw(ψ) = s.
Note that Θw is only a well-defined homology class, not a well-defined cycle in the chain complex
CFL−(Σ,α′,α,w, z, σ, s0). Nonetheless, adding a boundary ∂η ∈ CFL−(Σ,α′,α) to Θw has the
effect of changing F zBα by a filtered, equivariant chain homotopy, using the associativity relations
for the triangle maps.
The definition of the map for a β-band is analogous. If Bβ is a β-band, we pick a triple
(Σ,α,β,β′,w, z) subordinate to Bβ , and consider the triangle map Fα,β,β′,s. As with the case of
α-bands, there is a distinguished element Θw ∈ HFL−(Σ,β,β,w, z, σ, s), as long as σ(z1) = σ(z2).
The z-band map for Bβ is then defined by the formula
F zBβ (−) := Fα,β,β′,s(−⊗Θw).
We now claim that these induce well-defined maps on the level of transitive chain homotopy types:
Lemma 6.5. The map F zB is well-defined up to equivariant, filtered chain homotopy.
Proof. We just need to check independence from each of the moves appearing Lemma 6.3. Each of
these moves is considered in the maps associated to surgery on framed 1-dimensional links embedded
in 3-manifolds, and can be addressed using the same argument as [OS06, Proposition 4.6]. 
We also make the following remark:
Remark 6.6. Since the element Θw is well-defined on the level of homology, it is not necessary to
work with Heegaard triples which satisfy Definition 6.2 exactly as it is stated. Rather it is sufficient
to work with triples which are related to the ones described in Definition 6.2 by a sequence of
handleslides and isotopies of the attaching curves.
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6.3. Type-w band maps. If B is a band (either α- or β-), the w-type band maps are defined
similarly the z-type band maps in the previous section.
Suppose first Bα is an α-band for the link L in Y , and w1, w2, z1 and z2 are the basepoints
adjacent to the ends of Bα. Suppose σ is a coloring such that
σ(w1) = σ(w2).
Under the above assumption, we will describe the type-w band map, FwBα .
As with the type-z map, this restriction on the coloring σ is equivalent to the requirement that
the coloring on L is induced by a coloring on the decorated link cobordism for F zBα from Figure 6.1.
Let (Σ,α′,α,β,w, z) be a triple subordinate to Bα. We define a coloring of L via the formula
σ′0 : w ∪ z→ (w ∪ z)/(w1 ∼ w2). There is a distinguished element Θz0 ∈ HFL−(Σ,α′,α,w, z, σ′0, s0)
which generates
Maxgrz
(HFL−(Σ,α′,α,w, z, σ′0, s0))
as an F2[Uw]-module. Since σ(w1) = σ(w2), we can define the element Θz ∈ HFL−(Σ,α′,α,w, z, σ, s0)
as the image of Θz0.
The type-w band map for Bα is defined by the formula
FwBα := Fα′,α,β,s(Θ
z ⊗−) : CFL−(Σ,α,β,w, z, σ, s)→ CFL−(Σ,α′,β,w, z, σ, s).
The type-w band maps for β-bands are defined analogously, using triples (Σ,α,β,β′,w, z) sub-
ordinate to β-bands.
The same argument used for the type-z band maps can be used to show that the type-w band
maps yield well-defined maps on the level of transitive chain homotopy types.
7. Two compound handle attachment maps
In this section, we describe two compound handle maps, which we define as compositions of the
maps from Sections 5 and 6. The first type of compound map are the birth and death cobordism
maps, which will be useful later when we prove several facts about the band maps (notably Propo-
sition 9.10). The next map we define is the compound 1-handle/band map, for a framed 0-sphere
along a link L, which will be useful later when we prove invariance of the cobordism maps.
7.1. Birth/death cobordism maps. Suppose that L = (L,w, z) is a multi-based link in Y 3 and
U = (U,w, z) is an doubly based unknot in Y , and D is a choice of embedded disk in Y \ L which
has boundary U . Write L∪U for the link (L∪U,w ∪ {w}, z∪ {z}). Suppose σ and σ′ are colorings
of L and L ∪ U (resp.) such that σ′ restricts to σ. We define maps
B+U,D : CFL◦(Y,Lσ, s)→ CFL◦(Y, (L ∪ U)σ
′
, s)
and
D−U,D : CFL◦(Y, (L ∪ U)σ
′
, s)→ CFL◦(Y,Lσ, s)
which are well-defined on the level of transitive chain homotopy types. We will describe the maps
on the level of intersection points, and state the effect of adding a doubly based unknot on the
chain complex CFL−. We will not explicitly prove invariance of the maps B+U,D and D−U,D, since our
definition of the map B+U,D can be alternatively written as a composition of a 0-handle map (which
adds the unknot U inside of a disjoint copy of S3) as well as a 1-handle map. Similarly D−U,D can be
written as a composition of a 3-handle map and a 4-handle map. Invariance of the maps B+U,D and
D−U,D hence follows from invariance of the 0-, 1-, 3- and 4-handle maps, which we proved earlier.
We pick a regular neighborhood N(D) of D which does not intersect L and consider only diagrams
H = (Σ,α,β,w, z) such that
(1) N(D) ∩ Σ is a disk;
(2) N(D) ∩ (α ∪ β ∪w ∪ z) = ∅.
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In N(D) ∩ Σ, we insert the subdiagram shown in Figure 7.1 into Σ, to form the diagram
Ĥ := (Σ,α ∪ {α0},β ∪ {β0},w ∪ {w}, z ∪ {z}).
The two points in α0 ∩ β0 are distinguished by the relative grading, and the designation of top and
bottom generators is the same for grw and grz.
β0α0
θ+
θ−
wz
Figure 7.1. The Heegaard diagram after a birth cobordism, adding a
doubly based unknot. This is the subdiagram which is added to N(D) ∩ Σ to
form the diagram Ĥ.
Let Js be an almost complex structure on Σ× [0, 1]×R which is split on (Σ∩N(D))× [0, 1]×R.
And let Js(T ) be an almost complex structure obtained by inserting a neck of length T along the
circle ∂(Σ ∩N(D)), which is shown as a dashed circle in Figure 7.1. We have the following:
Lemma 7.1. Suppose that H = (Σ,α,β,w, z) is a Heegaard diagram for (Y,L), such that Σ∩N(D)
is a disk which is disjoint from α ∪ β ∪w ∪ z. For sufficiently large T , there is an identification of
∂Ĥ,Js(T ) =
(
∂H ∗
0 ∂H
)
,
with the matrix decomposition induced by writing θ+ as the first row and column and θ− as the
second.
The relevant counts of holomorphic disks in the above lemma are established in [OS08, Proposi-
tion 6.5].
Remark 7.2. The entry ∗ in the expression for the differential can be identified by analyzing the
proof of [OS08, Proposition 6.5]. Write A for the component of Σ \α which contains N(D)∩Σ and
write B for the component of Σ \ β which contains N(D) ∩ Σ. Let wA and zA (resp. wB and zB)
denote the w and z-basepoints in A (resp. B). If the connected sum point in the stabilized region
is chosen sufficiently close to the α0 curve, we can identify the component labeled ∗ with the action
of UwVz + UwAVzA . For a connected sum point sufficient close to the β0 curve, we can identify ∗
with the action of UwVz + UwBVzB .
We define the birth map
B+U,D : CFL◦Js(H, σ, s)→ CFL◦Js(T )(Ĥ, σ′, s),
and the death map D−U,D, defined in the opposite direction, via the formulas
B+U,D(x) = x× θ+,
D−U,D(x× θ−) = x and D−U,D(x× θ+) = 0.
For large enough T , the maps B+U,D and D−U,D are chain maps by Lemma 7.1. The map B+U,D is
a composition of a 0-handle and a 1-handle map. Similarly, the map D−U,D is a composition of a
3-handle and 4-handle map. Hence B+U,D and D−U,D are well-defined on the level of transitive chain
homotopy types.
LINK COBORDISMS AND FUNCTORIALITY IN LINK FLOER HOMOLOGY 49
7.2. Surgeries and traces of framed 0-spheres along L. It will be convenient for our proof
of invariance to consider framed 0-spheres S0 which are centered at a pair of points contained in
the link L. In this section, we describe traces and surgeries of such framed 0-spheres. In the
following section, we will define cobordism maps associated to framed 0-spheres along L. We make
the following definition:
Definition 7.3. Suppose L is an oriented link in Y . We say that a smooth embedding S0 : S0×D3 ↪→
Y is a framed 0-sphere along L if the following hold:
(1) If we write D3 as {(y, w, z) : y2+w2+z2 ≤ 1}, then (S0)−1(L) = S0×{(y, 0, 0) : −1 ≤ y ≤ 1}.
(2) Each of S0(S0 × {(1, 0, 0)}) and S0(S0 × {(−1, 0, 0)}) contains an incoming point of L, and
an outgoing point of L, according to the orientation of L.
We now describe the surgeries and traces of a framed 0-sphere which occurs along L, extending the
notation from Section 5.1. If S0 is a framed 0-sphere along L ⊆ Y , we define a link L(S0) ⊆ Y (S0)
via the equation
L(S0) := (L \ int im(S0)) ∪ ([−1, 1]× {±1, 0, 0}).
Condition (1) of Definition 7.3 implies that the link L(S0) is a closed 1-manifold in Y (S0), while
Condition (2) implies that an orientation of L uniquely determines an orientation on L(S0).
We now define the trace of S0, as well as the induced trace link cobordism. It is convenient to
define it slightly differently than in Section 5.1. We define the 4-manifold
W (Y,S0) := ([0, 1]× Y ) ∪ (D1 ×D3) ∪ ([1, 2]× Y (S0)).
There is an oriented surface Σ(L,S0) ⊆W (Y,S0) defined as
Σ(L,S0) := ([0, 1]× L) ∪B ∪ ([1, 2]× L(S0))
where B ⊆ [−1, 1]×D3 is the subset B := [−1, 1]× {(y, w, z) : −1 ≤ y ≤ 1, z = w = 0}. Note that
B is canonically identified with [−1, 1]× [−1, 1].
We now define the trace link cobordism of S0 to be
W(Y,L, S0) := (W (Y,S0),Σ(L,S0)) : (Y, L)→ (Y (S0), L(S0)).
7.3. Construction of the maps for framed 0-spheres along L. Analogously to the situation
of the band maps, to define maps for framed 0-spheres along L, we will need to restrict to framed
0-spheres which satisfy several additional requirements:
Definition 7.4. Suppose S0 is a framed 0-sphere along L. We say that S0 is of α-type if the two
components of im(S0) are contained in distinct α-subarcs of L \ (w ∪ z) (i.e. they are contained in
two distinct components of Uα ∩ (L \ (w ∪ z))). We say that S0 is of β-type if the two components
of im(S0) are contained in two distinct β-subarcs of L \ (w ∪ z).
Under the above assumptions, L(S0) := (L(S0),w, z) is a valid multi-based link. If s ∈ Spinc(Y ),
then s admits a unique extension to W (Y, S0), which we denote by sˆ. We let s′ denote the restriction
of sˆ to Y (S0). A coloring σ of L, induces a coloring of L(S0), for which we also write σ. For a framed
0-sphere which is of either α-type or β-type, we will define a type-z compound 1-handle/band map
F zY,L,S0,sˆ : CFL−(Y,Lσ, s)→ CFL−(Y (S0), (L(S0))σ, s′),
as well as a type-w compound handle/band map
FwY,L,S0,sˆ : CFL−(Y, (L)σ, s)→ CFL−(Y (S0), (L(S0))σ, s′).
For the type-o maps (where o ∈ {w, z}), we require that the two o-basepoints adjacent to the
components of S0 have the same color.
Given a framed 0-sphere S0 along L, which is of α-type or β-type, we first pick a vector θ ∈ S1 =
{(0, w, z) : w2 + z2 = 1}. Such a vector determines a half disk Hi in each {pi} × D3 (the set of
points with spherical coordinates which have angle θ), and an arc a on S2 (the boundary of the
half disk). There is a natural choice of rectangle Rθ := [−1, 1]× a contained in the 1-handle region
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θ
Hi {pi} ×D3
L
pi
[−1, 1]× S2
Rθ
y
w
z
Figure 7.2. Auxiliary data to construct the compound 1-handle/band
map. On the left is the vector θ ∈ S1, as well as a half disk Hi, the link L and the
balls {pi} ×D3. On the right is the 1-handle region [−1, 1]× S2 ⊆ Y (S0), and the
rectangle Rθ with boundary on {−1, 1} × S2 ∪ [−1, 1]× {(±1, 0, 0)}.
[−1, 1] × S2 ⊆ Y (S0). The half disks Hi ⊆ im(S0), as well as the rectangle Rθ ⊆ [−1, 1] × S2 are
shown in Figure 7.2.
Extend the half disks Hi to slightly larger half disks H1 and H2 which extend just past the balls
{pi}×D3. The half disks H1 and H2 determine a diffeomorphism, ψθ of Y which is is supported in
a neighborhood of im(S0) and pushes L across the half disks Hi to a link Lθ, which is disjoint from
im(S0). The extensions Hi of the half disks Hi depend on a contractible set of choices.
Inside of Y (S0), there is a natural band
Bθ =
(
(H1 ∪H2) \ im(S0)
) ∪Rθ
from Lθ to L(S0).
For o ∈ {w, z}, we define the type-o compound 1-handle/band map as the composition
F oY,L,S0,sˆ := F
o
Bθ
FY,Lθ,S0,sˆψ
θ
∗,
where FY,Lθ,S0,sˆ denotes the 1-handle map from Section 5.3 and F
o
Bθ
denotes the band map from
Section 6.
Lemma 7.5. Suppose S0 is a framed zero sphere along L which is of α-type or β-type and o ∈ {w, z}.
The compound 1-handle/band map F oY,L,S0,sˆ is independent of the choice of θ ∈ S1, as well as the
extensions Hi.
Proof. Fix o ∈ {w, z}. The extended half disks Hi depend on a contractible set of choices (a vector
field pointing out of the boundary of S0, and a Riemannian metric), and hence it is easy to see that
the maps do not depend on the extensions Hi.
We now consider dependence on θ ∈ S1. Let θ and θ′ be two elements in S1, and let ψθ and
ψθ
′
be the two associated diffeomorphisms, and let Bθ and Bθ′ be the two bands. We pick a self-
diffeomorphism Ψ of Y which rotates Lθ to Lθ′ , which is supported in a neighborhood of S0, but is
constant on S0. Note that since Ψ is constant on S0, there is an induced self-diffeomorphism ΨS0 of
Y (S0).
Note that ΨS
0
sends the band Bθ to a band which is isotopic relative its boundary to Bθ′ . As a
consequence, we conclude that
(17) F oBθ′Ψ
S0
∗ ' ΨS
0
∗ F
o
Bθ
,
by diffeomorphism invariance of the band maps.
Furthermore, since Ψ fixes S0, we have
(18) ΨS
0
∗ FY,Lθ,S0,sˆ ' FY,Lθ′ ,S0,sˆΨ∗.
Note too that Ψ ◦ ψθ and ψθ′ are isotopic relative to L, so we conclude that
(19) Ψ∗ψθ∗ ' ψθ
′
∗ .
LINK COBORDISMS AND FUNCTORIALITY IN LINK FLOER HOMOLOGY 51
Finally, we note that ΨS
0
is isotopic to idY (S0) relative to L(S0), so
(20) ΨS
0
∗ ' id
on CFL−(Y (S0), (L(S0))σ, s′). Hence
F oBθFY,Lθ,S0,sˆψ
θ
∗ ' (ΨS
0
)−1∗ F
o
Bθ′Ψ
S0
∗ FY,Lθ,S0,sˆψ
θ
∗ (Equation (17))
' (ΨS0)−1∗ F oBθ′FY,Lθ′ ,S0,sˆΨ∗ψθ∗ (Equation (18))
' (ΨS0)−1∗ F oBθ′FY,Lθ′ ,S0,sˆψθ
′
∗ (Equation (19))
' F oBθ′FY,Lθ′ ,S0,sˆψθ
′
∗ , (Equation (20))
completing the proof. 
8. Basic relations involving the handle maps, band maps and quasi-stabilization
maps
In this section, we prove some basic relations involving the handle attachment maps, the band
maps, and the quasi-stabilization maps.
8.1. Basic relations between handle attachments, quasi-stabilizations and basepoint
actions. We first show that the 1-handle and 3-handle maps always commute with the quasi-
stabilization maps:
Lemma 8.1. Suppose L is a multi-based link in Y , and L+w,z is the multi-based link obtained by
adding two new, adjacent basepoints (w, z) to L. If S is a framed 0-sphere or 2-sphere in Y \L, then
FY,L+w,z,S,sˆS
+
w,z ' S+w,zFY,L,S,sˆ and FY,L+w,z,S,sˆT+w,z ' T+w,zFY,L,S,sˆ.
The maps S−w,z and T
−
w,z satisfy the analogous relations with FY,L+w,z,S,sˆ and FY,L,S,sˆ.
Proof. The proof is similar to the proof that the 1-handle maps commute with each other (Lemma 5.4)
and the proof that quasi-stabilization maps commute with each other (Proposition 4.20). As in those
situations, the formulas for the two maps look like they commute, but we need to verify that a single
almost complex structure can be chosen to compute both compositions.
We start with the case that S = S0 is a framed 0-sphere. Furthermore, we first show the relation
involving the positive quasi-stabilization maps S+w,z and T
+
w,z. We want to show the following:
(21) FY,L+w,z,S0,sˆS
+
w,z ' S+w,zFY,L,S0,sˆ and FY,L+w,z,S0,sˆT+w,z ' T+w,zFY,L,S0,sˆ.
Let (Σ,α,β,w, z) be a diagram for (Y,L) such that Σ intersects S0 in two disks which are disjoint
from α∪β∪w∪ z. Let α0 and β0 denote the new curves in the annulus region of the 1-handle, and
α′s and β
′
0 denote the two new curves from quasi-stabilization. These are shown in Figure 8.1.
Suppose that Js is a cylindrical almost complex structure on Σ × [0, 1] × R, which is split on
(im(S0)∩Σ)∪N(p)× [0, 1]×R where p ∈ Σ is the point at which we perform the quasi-stabilization
operation. Let T = (T1, T2, T
′) denote a triple of positive real numbers. Let Σ′ denote the Heegaard
surface we obtain after attaching a 1-handle along S0 and quasi-stabilizing at p. We view Σ′ as being
obtained by removing im(S0) as well as a neighborhood of p, and then gluing in an annulus and a
disk to the resulting boundary components. We construct an almost complex structure Js(T) on
Σ′ × [0, 1]×R, which agrees with Js on Σ \ (im(S) ∪N(p))× [0, 1]×R, and has necks of length T1,
T2 and T
′ inserted along the connected sum tubes.
To show Equation (21), we need to show that if T1 and T2 are two 3-tuples of neck lengths, with
all components sufficiently large (but with no assumption on the relative sizes of the neck lengths),
then
(22) ΦJs(T1)→Js(T2)(x× θ+ × θo) = x× θ+ × θo,
for o ∈ {w, z}. Here θ+ ∈ α0∩β0 denotes the top degree intersection point and θo ∈ α′s∩β′0 denotes
the top gro-graded intersection point.
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β0
α0
β′0
α′s
n1
n2
m1
m2
Figure 8.1. The diagram after attaching a 1-handle and quasi-stabilizing.
This is considered in Lemma 8.1. We stretch the almost complex structure along
the three dashed curves. Multiplicities m1, m2, n1, and n2 are also labeled.
To establish Equation (22), we take two sequences {Ti1}i∈N and {Ti2}i∈N of 3-tuples, all of whose
components approach +∞ as i → ∞. We also construct a sequence of non-cylindrical almost
complex structures {J˜ i}i∈N which agree with Js(Ti) on Σ× [0, 1]× (−∞,−1] and agree with Js(Ti2)
on Σ × [0, 1] × [1,∞). As in Proposition 4.20 and Lemma 5.4, we assume that (Σ′ × [0, 1] × R, J˜ i)
contains the almost complex submanifold (Σ \ Ni × [0, 1] × R, Js) where Ni ⊆ Σ denotes a nested
sequence of subsets, each consisting of three disks, each contained in a component ofN(p)∪im(S0)∩Σ,
such that
⋂
i∈NNi consists of three points.
Suppose we are given a sequence J˜ i-holomorphic disks ui, which represent a fixed class φ ∈
pi2(x × θ × θo,y × y × y′), where θ ∈ {θ+, θ−}, y ∈ α0 ∩ β0 and y′ ∈ α′s ∩ β′0. We can extract a
broken limit curve consisting of a broken holomorphic disk UΣ on (Σ,α,β), an α ∪ {α′s}-boundary
degeneration A, and a broken holomorphic disk U0 on (S2, α′0, β′0), where α′0 denotes the restriction
of α′s to the quasi-stabilized region. Write φΣ and φ0 for the total homology classes of UΣ and U0.
The index computation from [Zem17c, Lemma 5.3] (compare the proofs of Proposition 4.20 and
Lemma 5.4, above) adapts to our present situation to yield that
(23) µ(φ) = µ(φΣ) + gr(θ, y) + n1(φ0) + n2(φ0) +m1(A) +m2(A) + 2
∑
D∈C(Σ\α)
D6=Ap
nD(A).
In the above expression, we are writing Ap for the component of Σ \α which contains the point p.
To establish Equation (22), we need to consider only classes φ which are in pi2(x×θ+, θo×y×y×y′).
Since φΣ admits a broken holomorphic representative, by transversality we know that µ(φΣ) ≥ 0.
The rest of the terms in Equation (23) are clearly nonnegative, and hence we conclude all must
be zero if µ(φ) = 0. It is straightforward to see that this implies that φ is a constant class. On
the other hand, the constant homology classes always have a unique J˜ i-holomorphic representative.
Equation (22) follows, and hence the relation from Equation (21) also follows.
Note that the commutation of the 1-handle map with the minus quasi-stabilization maps also
follows immediately from Equation (22). Hence
(24) FY,L,S0,sˆS
−
w,z ' S−w,zFY,L+w,z,S0,sˆ and T−w,zFY,L+w,z,S0,sˆ ' FY,L,S0,sˆT−w,z.
We now consider the case that S is a framed 2-sphere, and we wish to commute either a positive
or negative quasi-stabilization with the 3-handle map, i.e.
(25) FY,L,S2,sˆS
+
w,z ' S+w,zFY,L+w,z,S2,sˆ and T+w,zFY,L+w,z,S0,sˆ ' FY,L,S2,sˆT+w,z,
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and similarly for the negative quasi-stabilization maps. To show Equation (25), we now show that
whenever T1 and T2 have sufficiently large components, we have the equality
(26) ΦJs(T1)→Js(T2)(x× θ− × θo) = x× θ− × θo +
∑
o∈{w,z}
∑
y∈Tα∩Tβ
cox,y · y × θ+ × θo,
where o ∈ {w, z} and cox,y are elements of R−P which are not necessarily independent of T1 and T2.
To establish this fact, we note that we simply adapt the above procedure when S was a framed 0-
sphere. In our present case, we need to show that if φ ∈ pi2(x×θ−×θo,y×θ−×y′) is a Maslov index
zero class which admits holomorphic representatives for J˜ i when i is arbitrary large, then φ is in fact
the constant holomorphic class. This follows by analyzing the index formula from Equation (23).
As before, if φ ∈ pi2(x× θ− × θo,y× θ− × y′) admits J˜ i-holomorphic representatives for arbitrarily
large i, then all the terms in Equation (23) must be zero, and this clearly implies that φ is a constant
class. Since the constant classes are always counted by ΦJs(T1→Js(T2), Equation (26) follows.
Combining Equations (22) and (26) implies Equation (25), completing the proof. 
We now show that the 2-handle maps commute with the quasi-stabilization maps:
Lemma 8.2. Suppose L is a multi-based link in Y , and let L+w,z be the link obtained by adding
the adjacent pair of basepoints (w, z) to L. If S1 ⊆ Y \ L is a framed 1-dimensional link, and
s ∈ Spinc(W (Y, S)), then
S+w,zFY,L,S1,s ' FY,L+w,z,S1,sS+w,z and T+w,zFY,L,S1,s ' FY,L+w,z,S1,sT+w,z.
The analogous relation holds with the maps S−w,z and T
−
w,z.
Proof. We pick a Heegaard triple (Σ,α,β,β′,w, z) which is subordinate to a β-bouquet for S1 in
(Y,L). A Heegaard triple subordinate to a β-bouquet for S1 in (Y,L+w,z) can be constructed by
quasi-stabilizing the triple (Σ,α,β,β′,w, z) as in Figure 4.18. The result then follows from the
triangle counts from Proposition 4.28. 
Finally, it is convenient to have the following fact stated:
Lemma 8.3. Suppose that Y is a 3-manifold containing the multi-based link L = (L,w, z) and
S ⊆ Y \ L is a framed 0-sphere, 2-sphere or 1-dimensional link. If w ∈ w and z ∈ z, then
FY,L,S,sΦw ' ΦwFY,L,S,s and FY,L,S,sΨz ' ΨzFY,L,S,s.
Proof. The map FY,L,S,s is a chain map on the uncolored complexes. Hence if we differentiate the
expression
∂FY,L,S,s + FY,L,S,s∂ = 0
with respect to Uw, and apply the Leibniz rule, we obtain the relation
ΦwFY,L,S,s + FY,L,S,sΦw ' 0.
A similar argument works for Ψz. 
Lemma 8.4. Suppose that B is a band for the link L in Y , and S1 is a framed 1-dimensional link
in Y , which is disjoint from L ∪B and s ∈ Spinc(W (Y,S)). If o ∈ {w, z}, then
FY,L(B),S1,sF
o
B ' F oBFY,L,S1,s.
Proof. Using Proposition 9.10 or 9.12, we may assume that B is an α-band. We can pick a Heegaard
quadruple (Σ,α′,α,β,β′,w, z) such that the following holds:
(1) (Σ,α,β,w, z) is Heegaard diagram for (Y,L).
(2) (Σ,α′,α,β,w, z) is a triple subordinate to the band B ⊆ Y .
(3) (Σ,α,β,β′,w, z) is a triple subordinate to a β-bouquet for S1 in (Y,L).
(4) (Σ,α′,α,β′,w, z) is a triple subordinate to the band B in Y (S1).
(5) (Σ,α′,β,β′,w, z) is a triple subordinate to a β-bouquet for S1 in (Y,L(B)).
54 IAN ZEMKE
Let Θoα′,α ∈ HFL−(Σ,α′,α, σ) denote the distinguished elements, for o ∈ {w, z}, from Lemma 3.7.
Similarly let Θ+ββ′ be the distinguished element of HFL−(Σ,β,β′, σ) from Lemma 3.6. The associa-
tivity relations yield the relation
Fα′,α,β′,s|Y (S)(Θ
o
α′,α, Fα,β,β′,s(−,Θ+β,β′)) ' Fα′,β,β′,s(Fα′,α,β,s|Y (Θoα,′α,−),Θ+β,β′),
showing that
F βY,L(B),S1,sF
o
B ' F oBF βY,L,S1,s.
Noting that FY,L,S1,s ' FαY,L,S1,s ' F βY,L,S1,s by Lemma 5.9, the proof is complete. 
8.2. Quasi-stabilizations and critical point cancellations. In this section, we show that the
quasi-stabilization maps, birth and death cobordism maps, and band maps satisfy a set of relations
which we can interpret as showing invariance of the link cobordism maps under index 1/2 critical
point cancellations of the surface a the link cobordism. Notice that if we ignore the dividing set,
a birth cobordism adds a disk to the surface of a link cobordism. The birth cobordism can be
canceled by attaching a band, leaving a link cobordism which is diffeomorphic to the identity link
cobordism, as an undecorated link cobordism. However as a decorated link cobordism, the resulting
link cobordism will not be the identity. Instead, we are left with the dividing set corresponding to
a quasi-stabilization map. The manipulation is shown in Figure 8.2.
B+U,D
F zB
S+w,z
Figure 8.2. A birth cobordism followed by a saddle is diffeomorphic to
a quasi-stabilization. This is reflected by the relation in Proposition 8.5.
Suppose that L = (L,w, z) is a multi-based link in Y and U = (U,w, z) is an unknot with two
basepoints, spanned by a 2-disk D ⊆ Y with D∩L = ∅. Suppose that we attach a band B to L∪U ,
which has one foot on U and one foot on L, and is disjoint from w ∪ z∪ {w, z}. The surface B ∪D,
yields an isotopically unique diffeomorphism
φ : (Y,L)→ (Y, (L ∪ U)(B)),
which is the identity outside of a neighborhood of B ∪D. Let B denote the dual band, attached to
(Y,L ∪ U)(B), yielding the link L ∪ U. We prove the following:
Proposition 8.5. Suppose that (Y,L) is a multi-based link and U = (U,w, z) be a doubly based
unknot with a Seifert disk D which is disjoint from L, and let B and B be the bands described in
the previous paragraph. If B is an α-band then we have
F zBB+U,D ' S+w,zφ∗ and FwB B+U,D ' T+w,zφ∗.
Similarly,
D−U,DF zB ' S−w,zφ∗ and D−U,DF zB ' T−w,zφ∗.
If B is a β-band, we have
F zBB+U,D ' S+z,wφ∗ and FwB B+U,D ' T+z,wφ∗,
and
D−U,DFwB ' T−z,wφ∗ and D−U,DFwB ' T−z,wφ∗.
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Proposition 8.5 will follow from two counts of holomorphic triangles. If T = (Σ,α′,α,β,w, z)
is a Heegaard triple with a distinguished basepoint z′ ∈ z, we will stabilize T near z′ to form the
Heegaard triple
T + := (Σ,α′ ∪ {α′0},α ∪ {α0},β ∪ {β0},w ∪ {w}, z ∪ {z}),
shown in Figure 8.3. We note that Xα′,α,β and Xα′∪{α′0},α∪{α0},β∪{β0} are canonically diffeomor-
phic. Furthermore, if ψ is a homology class of triangles on T and ψ0 is a homology class of triangles
on the diagram (S2, α′0, α0, β0) and ψ and ψ0 have the same multiplicity in the connected sum region,
then it is straightforward to see that
sw∪{w}(ψ#ψ0) = sw(ψ),
after identifying Xα′,α,β and Xα′∪{α′0},α∪{α0},β∪{β0}.
We will write (abusing notation slightly)
α′0 ∩ α0 = {θw, ξw}, α0 ∩ β0 = {θ+, θ−} and α′0 ∩ β0 = {θw, ξw}.
For α′0 ∩ α0 and α′0 ∩ β0, we write θw for the higher degree intersection point with respect to grw,
and ξw for the lower degree intersection point. For α0 ∩ β, we write θ+ and θ− for the higher and
lower degree intersection points, since the designation is the same for grw and grz.
β0
m
w
z
α0
α′0
z′
θ+θw
θ−
θw
ξw
Figure 8.3. The stabilized region of the Heegaard triple T + for merging a
doubly based unknot with L. This triple is considered in Lemma 8.6. The triple
T + can be used to compute the α-band map for a band which merges an unknot
with two basepoints onto the link component containing z′. The two shaded regions
are each examples of homology classes of triangles, which could be counted. The
letter m denotes the multiplicity in the connected sum region.
We recall that for the z-band map to be defined, the variables Vz and Vz′ must be identified. In
the following lemma, we identify both with a single variable, V .
Lemma 8.6. Suppose T = (Σ,α′,α,β,w, z) is a Heegaard triple with a distinguished point z′ ∈ z,
and write T + = (Σ,α′∪{α′0},α∪{α0},β∪{β0},w∪{w}, z∪{z}) for the Heegaard triple which has
been stabilized at z′, shown in Figure 8.3. For sufficiently stretched almost complex structure Js(T ),
we have the relations
FT +,s,Js(T )(x× θw,y × θ+) = FT ,s,Js(x,y)⊗ θw
and
FT +,s,Js(T )(x× θw,y × θ−) = V · FT ,s,Js(x,y)⊗ ξw +G(x,y)⊗ θw,
for some map
G : CFL−(Σ,α′,α)⊗ CFL−(Σ,α,β)→ CFL−(Σ,α′,β),
which is not necessarily independent of Js or T .
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Proof. If we ignore the z-basepoints, the triangle counts we wish to show are in fact just the ones
used to show the well-definedness of the 1-handle map under isotopies and handles outside of the
1-handle region. Hence to prove the theorem, we will adapt the triangle counts used to show the
well-definedness of the 1-handle maps from [Zem15, Section 6].
The proof is similar to the proof of [Zem15, Theorem 6.17]. For a homology class of triangles
ψ#ψ0 ∈ pi2(x× θw,y × y, z× z), it is straightforward to compute that
(27) µ(ψ#ψ0) = µ(ψ) + 2nw(ψ0) + grw(y, z),
where grw(y, z) denotes the drop in grading from y to z, with the convention that both θ
+ ∈ α0∩β0
and θw ∈ α′0 ∩ β0 have grw-grading 0.
We note nw(ψ0) ≥ 0. Also, if we stretch the neck sufficiently, we can assume that if ψ#ψ0 has
a holomorphic representative, then both ψ and ψ0 have a broken holomorphic representative. In
particular, µ(ψ) ≥ 0 by transversality considerations.
We consider first the case that grw(y, z) = 1, corresponding to when y = θ
+ and z = ξw. In this
case the expression in Equation (27) must be at least 1, for sufficiently large T . Hence there are no
solutions when µ(ψ#ψ0) = 0. Hence
(28) 〈FT +,s,Js(T )(x× θw,y × θ+), ξw〉 = 0,
where we are writing 〈τ , ξw〉 for the ξw-component of τ .
Next we consider the case that grw(y, z) = 0. In this case, we have that the pair (y, z) is (θ
+, θw)
or (θ−, ξw). In this case, using Equation (27), we see that
µ(ψ) = 0 and nw(ψ0) = 0.
According to [Zem15, Theorem 6.17], if ψ is a homology class of triangles on T with Maslov index
0, then
(29) #M(ψ) ≡
∑
ψ0∈pi2(θw,θ+,θw)
nw(ψ0)=0
#M(ψ#ψ0) (mod 2),
and
(30) #M(ψ) ≡
∑
ψ0∈pi2(θw,θ−,ξw)
nw(ψ0)=0
#M(ψ#ψ0) (mod 2).
We note [Zem15, Theorem 6.17] is based an analytic result of Lipshitz [Lip06, Proposition A.2].
The next step is to relate the total multiplicity of a triangle ψ#ψ0 over z and z
′ to the multiplicity
of ψ over z′. We claim that if ψ0 ∈ pi2(θw, θ+, θw) is a homology class of triangles, then
(31) m(ψ0) + nw(ψ0) = nz(ψ0) + nz′(ψ0),
where m(ψ0) denotes the multiplicity in the connected sum region. To see this, we note that it holds
for the small triangle shown on the top of Figure 8.3. The formula is preserved when we splice in
a class on (S2, α′0, α0, β0) in any of the pi2(t, t), and it is easy to see that on this diagram, any two
homology classes with the same endpoints can be related by a sum of such classes.
Combining Equations (29) and (31), we obtain
(32) 〈FT +,s,Js(T )(x× θw,y × θ+), θw〉 = FT ,s,Js(x,y)
Similarly, if ψ0 ∈ pi2(θw, θ−, θz) is a homology class of triangles, then
(33) m(ψ0) + nw(ψ0) + 1 = nz(ψ0) + nz′(ψ0).
As before, this can be verified by checking it for a single class (for example the class shown on the
bottom of Figure 8.3), and then checking that the formula respects splicing in a class of disks in any
pi2(t, t). Combining Equations (30) and (33) we obtain the equality:
(34) 〈FT +,s,Js(T )(x× θw,y × θ−), ξw〉 = V · FT ,s,Js(x,y).
Combining Equations (28), (32), and (34), we obtain the lemma statement.
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β0
m
α′0
α0
w
z
z′
θ+
θ−
θw
ξw
θw
Figure 8.4. The stabilized region of the Heegaard triple T̂ + for splitting
a doubly based unknot off of L. This triple is considered in Lemma 8.7. The
triple T̂ + can be used to compute the α-band map for a band which splits an unknot
with two basepoints, w and z, off of L. The two shaded regions are each examples
of homology classes of triangles, which could be counted. The letter m denotes the
multiplicity in the connected sum region.
Adapting the proof of Lemma 8.6 slightly, we can compute the effect of splitting off a doubly
based unknot from a link L.
Lemma 8.7. Suppose T = (Σ,α′,α,β,w, z) is a Heegaard triple with a distinguished point z′ ∈ z,
and write T̂ + = (Σ,α′∪{α′0},α∪{α0},β∪{β0},w∪{w}, z∪{z}) for the Heegaard triple which has
been stabilized at z′, as shown in Figure 8.4. Then for sufficiently stretched almost complex structure
Js(T ), we have
FT̂ +,s,Js(T )(x× θw,y × θw) = V · FT ,s,Js(x,y)⊗ θ+
and
FT̂ +,s,Js(T )(x× θw,y × ξw) = FT ,s,Js(x,y)⊗ ξw +G′(x,y)⊗ θ−,
for some map
G′ : CFL−(Σ,α′,α)⊗ CFL−(Σ,α,β)→ CFL−(Σ,α,β),
which is not necessarily independent of Js or T .
Proof. The proof is a small adaptation of Lemma 8.6. The only difference is in the formulas which
keep track of the total multiplicity over z and z′, since Equations (31) and (33) no longer hold.
Instead, if ψ0 ∈ pi2(θw, θw, θ+), then adapting the argument from Lemma 8.6, we see that
nw(ψ0) +m(ψ0) + 1 = nz(ψ0) + nz′(ψ0).
Similarly if ψ0 ∈ pi2(θw, ξw, θ−), then
nw(ψ0) +m(ψ0) = nz(ψ0) + nz′(ψ0).
With these two formulas, the proof of Lemma 8.6 applies with minimal change. 
Proof of Proposition 8.5. We first prove that F zBB+U,D ' S+w,zφ∗ in the case that B is an α-band.
This will follow from the model triangle map computation in Lemma 8.6, as we now describe.
Let (Σ,α,β,w, z) be a diagram for (Y,L). We let α′ be small Hamiltonian isotopies of the α
curves, and let T + be the stabilized triple shown in Figure 8.3. The birth map B+U,D can be computed
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with using the subdiagram diagram (Σ,α ∪ {α0},β ∪ {β0}) of the Heegaard triple T +. In terms of
this diagram, the map B+U,D takes the form
B+U,D(y) = y × θ+.
The triple (Σ,α′ ∪{α′0},α∪{α0},β ∪{β0},w∪{w}, z∪{z}) is a triple subordinate to the band B.
By Lemma 8.6, we have
F zB(y × θ+) = Φβα→α′(y)⊗ θw,
for an almost complex structure J which has been stretched sufficiently along the dashed curve in
Figure 8.3.
To compute S+w,z, we need to stretch the almost complex structure an a curve which encircles the
α′0-curve, and intersects β0 at two points. Using the change of almost complex structure computation
from Lemma 4.23, we know that we can ensure that this map takes the form
ΦJ→J′(y × θw) = y × θw.
Hence we have that
ΦJ→J′F zBB+U,D(y) = Φβα→α′(y)⊗ θw,
which is tautologically just S+w,zφ∗Φ
β
α→α′ .
To show D−U,DF zB ' S−w,zφ∗, one follows similar reasoning as above, using the triangle map com-
putation from Lemma 8.7. The statements about β-bands follow from an easy modification. The
statements about w-bands follow from symmetrical arguments. 
9. Further relations involving the band maps
In this section, we prove some important properties of the band maps.
9.1. Band maps and basepoint actions. In this section, we describe when the maps Φw, and
Ψz commute with the band maps F
z
B and F
w
B :
Lemma 9.1. Suppose B is a band for L = (L,w, z), of type-α or -β, and w ∈ w and z ∈ z are
basepoints. Then
(1) F zBΦw + ΦwF
z
B ' 0, regardless of the position of w,
(2) F zBΨz + ΨzF
z
B ' 0, if z is not adjacent to an end of B.
Proof. Let us assume for concreteness that B is an α-band. Write z1 and z2 for the two z-basepoints
adjacent to the ends of B. Write P0 = (w ∪ z)/(z1 ∼ z2) and let σ0 : w ∪ z → P0 be the natural
map. Let (Σ,α′,α,β,w, z) be a triple subordinate to B. By definition, the band map
F zB : CFL−(Σ,α,β,w, z, σ0, s)→ CFL−(Σ,α′,β,w, z, σ0, s)
is defined by the formula
F zB(−) := Fα′,α,β,s(Θw,−).
Gromov compactness combined with the fact that Θw is a cycle on the complex which is colored by
σ0 implies that
(35) F zB∂α,β = ∂α′,βF
z
B .
If ∂ denotes the differential on either CFL−(Σ,α′,β, σ0) or CFL−(Σ,α,β, σ0), we have
d
dUw
(∂) = Φw and
d
dVz
(∂) = Ψz,
as long as z 6∈ {z1, z2}. Hence, differentiating Equation (35) and using the Leibniz rule yields
F zBΦw ' ΦwF zB and F zBΨz ' ΨzF zB ,
as long as z 6∈ {z1, z2}.
Finally we note that these relations persist for an arbitrary coloring σ : w ∪ z → P such that
σ(z1) = σ(z2), by tensoring. 
Symmetrically, we have the following:
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Lemma 9.2. Suppose B is a band for L = (L,w, z), of type-α or -β, and w ∈ w and z ∈ z are
basepoints. Then
(1) FwB Ψz + ΨzF
w
B ' 0, regardless of the position of z,
(2) FwB Φw + ΦwF
w
B ' 0, if w is not adjacent to an end of B.
The previous two lemmas do not always tell us what the commutator of a basepoint map with
a band map is when the basepoint is immediately adjacent to the end of the band. The following
result will be useful for our purposes:
Proposition 9.3. Suppose that B is a band (either α- or β-) for the link L = (L,w, z) in Y , and
write w1, w2, z1 and z2 for the basepoints adjacent to the ends of B. If σ : w ∪ z→ P is a coloring
such that
σ(w1) = σ(w2) and σ(z1) = σ(z2),
then
FwB ' Ψz1F zB + F zBΨz1 ' Ψz2F zB + F zBΨz2
and
F zB ' Φw1FwB + FwB Φw1 ' Φw2FwB + FwB Φw2 .
Before we prove Proposition 9.3, we prove the following useful lemma:
Lemma 9.4. Suppose that U = (U,w, z) is an unlink in (S1 × S2)#k such that all components of
U have 2 basepoints, except one which has 4. Write w1, w2, z1 and z2 for the basepoints on the
component with four basepoints. If σ(w1) = σ(w2) and σ(z1) = σ(z2) then
Φwi(Θ
z) = Θw and Ψzi(Θ
w) = Θz,
for i ∈ {1, 2}.
Proof. We first check the claim for an unknot U0 with four basepoints in S3. In that case, we can take
a diagram (S2, α0, β0, w1, w2, z1, z2) where α0 and β0 intersect at two points, and S
2\(α0∪β0) consists
of four bigons, each containing a single basepoint. In this case, the claim is an easy computation,
since Φwi counts only the bigon going over wi, and similarly Ψzi counts the bigon going over zi. Let
us write Θw0 and Θ
z
0 for the two distinguished elements of HFL−(S3,Uσ0 , s0).
We now verify the claim for an arbitrary unlink U in (S1 × S2)#k, all of whose link components
have exactly 2 basepoints, except for one component, which has 4. We note that there is a link
cobordism from (S3,U0) to ((S1 × S2)#k,U) consisting of |U| − 1 0-handles (which each add a
doubly based unknot) and k 1-handles. Write F for the composition of the corresponding 0-handle
and 1-handle maps. By inspection we have
(36) F (Θw0 ) = Θ
w and F (Θz0) = Θ
z
Note that the 0-handle maps obviously commute with the maps Φwi and Ψzi . By Lemma 8.3, the
1-handle maps also commute with Φwi and Ψzi . Hence, combining these observations we have
Φwi(Θ
z) = Φwi(F (Θ
z
0)) = F (Φwi(Θ
z
0)) = F (Θ
w
0 ) = Θ
w
0 .
A similar argument shows that Ψzi(Θ
w) = Θz. 
We proceed with the proof of Proposition 9.3:
Proof of Proposition 9.3. Let us consider the case that B is an α-band; the case that B is a β-
band is analogous. We will show the first equivalence. The second follows from symmetry. Let
(Σ,α′,α,β,w, z) be a triple subordinate to the band B.
Note that by Lemma 9.4 we have that
Ψzi(Θ
w) = Θz and Φwi(Θ
z) = Θw,
as elements of HFL−(Σ,α′,α,w, z, σ, s0).
Gromov compactness yields that
Fα′,α,β(∂α′,α ⊗ id + id⊗∂α,β) + ∂α′,βFα′,α,β = 0,
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on the uncolored complexes. We view this as a matrix equation, where Fα′,α,β is a matrix with
columns corresponding to the elements of (Tα′ ∩ Tα) × (Tα ∩ Tβ) and rows corresponding to the
elements of Tα′ ∩ Tβ. Differentiating with respect to the variable Vzi , for either i = 1 or i = 2, we
obtain the relation
(37) Fα′,α,β(Ψzi ⊗ id + id⊗Ψzi) + ΨziFα′,α,β +H(∂α′,α ⊗ id + id⊗∂α,β) + ∂α′,βH = 0,
where H is obtained by differentiating the matrix for Fα′,α,β with respect to Vzi . More concretely,
H can be thought of as the map which counts holomorphic triangles with the additional factor of
nzi(ψ) for each triangle, and an additional overall factor of V
−1
zi .
Note that the relation from Equation (37) persists once we consider the complexes which are
colored by σ. We now apply the relation from Equation (37) to an element of the form Θw ⊗ x.
Noting that Ψzi(Θ
w) = Θz, we obtain
Fα′,α,β(Θ
z ⊗ x) + Fα′,α,β(Θw ⊗Ψzi(x)) + ΨziFα′,α,β(Θz ⊗ x) = H ′(∂α,β(x)) + ∂α′,β(H ′(x)),
where H ′ := H(Θw ⊗ id). Using the definitions of the band maps, we obtain the relation
FwB ' ΨziF zB + F zBΨzi .
The relations F zB ' ΦwiFwB + FwB Φwi are proven analogously. 
FwB ΨzF
z
B F
w
B Ψz
+
z
z
'
Figure 9.1. Dividing sets for the relation from Proposition 9.3. The un-
derlying link cobordism is a saddle. The dashed lines correspond to decomposing
level sets of the surface, which induces the composition of maps shown. The three
dividing sets form a bypass triple.
9.2. Band maps and quasi-stabilization. We now consider the commutator between a band
map and a quasi-stabilization map. One approach would be to simply try to perform a holomorphic
degeneration argument, as in Proposition 4.28. Unfortunately the result stated therein is not suffi-
cient to show that the band maps commute with the quasi-stabilization maps in all of the cases that
we are interested in. It is possible to compute the commutator of a quasi-stabilization and a band
map by adapting [Zem17c, Theorem 6.5], however we will instead give a simpler, though somewhat
less direct argument.
Proposition 9.5. Suppose that B is a band for the link L = (L,w, z), and w and z are two new
basepoints which are contained in the same component of L \ (w∪ z∪B). Then, regardless of which
component of L \ (w ∪ z ∪B) contains w and z, one has
F zBS
◦
w,z ' S◦w,zF zB if w follows z, and
F zBS
◦
z,w ' S◦z,wF zB if z follows w,
for ◦ ∈ {+,−}.
If w and z do not separate an end of B from either of the two z-basepoints adjacent to B, then
F zBT
◦
w,z ' T ◦w,zF zB , if w follows z, and
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F zBT
◦
z,w ' T ◦z,wF zB , if z follows w.
Proof. We will only consider the case that B is a β-band, and ◦ = +, for notational simplicity. Let
us call a component C of L\ (w∪z) an α-subarc if C ⊆ Uα (or equivalently if the z basepoint in ∂C
follows the w basepoint, with respect to the links orientation). Similarly, we will call a component
C ⊆ L \ (w ∪ z) a β-subarc if C ⊆ Uβ.
There are two cases we need to consider:
Case (1): w and z are in a component C of L \ (w ∪ z) that is disjoint from B.
Case (2): w and z are in a component C of L \ (w ∪ z) which also contains an end of B.
There are two further subcases of Case (1):
Subcase (1a): C is an α-subarc of L,
Subcase (1b): C is a β-subarc of L.
Let us first consider Subcase (1a). Note that in this case, w immediately follows z. On the
unstabilized complexes, the map F zB is defined by picking a Heegaard triple T = (Σ,α,β,β′,w, z)
subordinate to the β-band B. We note that a Heegaard triple T + subordinate to B for the stabilized
link can be constructed by quasi-stabilizing T along a single curve αs ⊆ Σ \ α, and then adding
a curve β0 to β and a curve β
′
0 to β
′, such that β0 and β′0 are contained in a small ball on Σ,
intersect each other twice, and intersect none of the other α curves. This is the configuration shown
in Figure 4.18. By stretching the almost complex structure in a circle bounding β0 and β
′
0, we
can compute the triangle map FT + in terms of the triangle map FT , using Proposition 4.28. The
holomorphic triangle counts from Proposition 4.28 immediately imply that
F zBS
+
w,z ' S+w,zF zB and F zBT+w,z ' T+w,zF zB ,
establishing the result in Subcase (1a).
We now analyze Subcase (1b), corresponding to when the pair (z, w) lies in a β-arc C ⊆ L\(w∪z)
and z follows w. Using the basepoint moving relations from Lemmas 4.23 and 4.24, we will reduce
the argument to Subcase (1a). Since the ends of B are in β-subarcs of L, it follows that the α-subarcs
C1 and C2 of L adjacent to C are disjoint from B (note that C1 may be equal to C2). Let w′ and
z′ be the end points of C. Write z0 for z \ {z′} and let
τz←z
′
: (L,w, z0 ∪ {z′})→ (L,w, z0 ∪ {z})
be the diffeomorphism which moves z′ to z. By Lemma 4.23 we know that
S+z,w ' S+w,z′τz←z
′
∗ .
Hence
(38)
F zBS
+
z,w ' F zBS+w,z′τz←z
′
∗ (Lemma 4.23)
' S+w,z′F zBτz←z
′
∗ (Subcase (1a))
' S+w,z′τz←z
′
∗ F
z
B (Diffeomorphism invariance of F
z
B)
' S+z,wF zB (Lemma 4.23).
An entirely analogous argument, using Lemma 4.24, establishes the relation T+z,wF
z
B ' F zBT+z,w.
It remains to consider Case (2). The strategy is again to apply Lemmas 4.23 and 4.24 to reduce
to Case (1), when possible. Write w1, w2, z1, and z2 for the four basepoints adjacent to the ends of
B. Note that in this case the pair (z, w) is in a β-subarc of L, and z follows w.
As a first step towards proving the claim in Case (2), we will show that if (z, w) are between an
end of B and either z1 or z2, then
F zBS
+
z,w ' S+z,wF zB .
As before, we use Lemma 4.23 to write S+z,w ' S+w,ziτz←zi∗ . Analogously to Equation (38), since F zB
commutes with both S+z,w and τ
z←zi∗ , we conclude that F
z
BS
+
z,w ' S+z,wF zB .
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Noting that we have not yet used the fact that F zB is the z-band map, it follows by a symmetrical
argument that if (z, w) are between an end of B and either w1 or w2, then
(39) F zBT
+
z,w ' T+z,wF zB
There is still one configuration we have left to analyze, which is when (z, w) are between an end
of B and w1 or w2, and we wish to commute F
z
B and S
+
z,w. Note that by Equation (39), in this
configuration, we have that F zBT
+
z,w ' T+z,wF zB , where we are giving w and wi the same color, and
z, z1 and z2 the same color. From Lemma 4.10, we know S
+
z,w ' ΦwT+z,w. By Lemma 9.1, we have
F zBΦw ' ΦwF zB . Combining these relations, we have
F zBS
+
z,w ' F zBΦwT+z,w ' ΦwF zBT+z,w ' ΦwT+z,wF zB ' S+z,wF zB ,
completing the proof. 
By a symmetrical argument, we also have the following:
Proposition 9.6. Suppose that B is a band for the link L = (L,w, z), and w and z are two new
basepoints which are contained in the same component of L \ (w∪ z∪B). Then, regardless of which
component of L \ (w ∪ z ∪B) contains w and z, one has
FwB T
◦
w,z ' T ◦w,zFwB if w follows z, and
FwB T
◦
z,w ' T ◦z,wFwB if z follows w
for ◦ ∈ {+,−}. If w and z do not separate an end of B from either of the two w-basepoints adjacent
to B, then
FwB S
◦
w,z ' S◦w,zFwB if w follows z, and
FwB S
◦
z,w ' S◦z,wFwB if z follows w.
Proposition 9.5 does not allow us to compute the commutator of F zB and T
◦
w,z when (w, z) is a
new pair of basepoints which lie between an end of B and one of the adjacent z-basepoints. In
the following lemma, we give an example where F zB and T
+
w,z do not commute, and instead form a
bypass triple. We will not use this result elsewhere in the paper.
Lemma 9.7. Suppose B is an α-band and (w, z) is an adjacent pair of basepoints between an end
of B and a z-basepoint. Then
F zBT
+
w,z + T
+
w,zF
z
B + S
+
w,zF
w
B ' 0.
Proof. Let w′ be the w-basepoint adjacent to an end of B, which is not adjacent to z until after the
band B is added. We compute
(40)
F zBT
+
w,z + T
+
w,zF
z
B ' (Φw′FwB + FwB Φw′)T+w,z + T+w,z(Φw′FwB + FwB Φw′) (Proposition 9.3)
' FwB (Φw′T+w,z + T+w,zΦw′) + (Φw′T+w,z + T+w,zΦw′)FwB (Proposition 9.6).
Since w′ is not adjacent to z until we add B, it follows that
(41) FwB (Φw′T
+
w,z + T
+
w,zΦw′) ' 0
by Lemma 4.15. However once we add the band B, the basepoints z and w′ become adjacent, so by
Lemma 4.15
(42) (Φw′T
+
w,z + T
+
w,zΦw′)F
w
B ' ΦwT+w,zFwB .
Noting that ΦwT
+
w,z ' S+w,z by Lemma 4.10, we conclude that ΦwT+w,zFwB ' S+w,zF zB . Combining
this with Equations (40), (41) and (42) yields the stated formula. 
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F zBT
+
w,z T
+
w,zF
z
B S
+
w,zF
w
B
++ ' 0w z
w′
Figure 9.2. Dividing sets for the maps appearing in Lemma 9.7. The
dashed lines correspond to decomposing level sets of the surface, which correspond
to the composition of maps shown below each figure. The three dividing sets form
a bypass triple.
9.3. Commutation of band maps I. In this subsection, we prove that band maps can always be
commuted, as long as one is an α-band, and the other is a β-band. We will later consider commuting
two band maps when both bands are α-bands or both are β-bands.
Proposition 9.8. Suppose that Bα1 is an α-band and B
β
2 is a β-band such that L(Bα1 ), L(B
β
2 ) and
L(Bα1 , B
β
2 ) all have at least two basepoints on each component. Then, for any choice of o1,o2 ∈
{w, z}, we have
F o1Bα1
F o2
Bβ2
' F o2
Bβ2
F o1Bα1
.
Proof. This is a simple application of the associativity relations for the holomorphic triangle maps.
Let (Σ,α′,α,β,β′,w, z) be a Heegaard quadruple such that the following hold:
(1) (Σ,α,β,w, z) is a diagram for (Y,L).
(2) (Σ,α,β,β′,w, z) and (Σ,α′,β,β′,w, z) are subordinate to the band Bβ2 , attached to L or
L(Bα1 ), respectively
(3) (Σ,α′,α,β,w, z) and (Σ,α′,α,β′,w, z) are subordinate to the band Bα1 , attached to L or
L(Bβ2 ), respectively.
Let
Θo1α′,α ∈ HFL−(Σ,α′,α,w, z, σ, s0) and Θo1β′,β ∈ HFL−(Σ,β,β′,w, z, σ, s0)
be the distinguished elements from Lemma 3.7. Using the associativity relations of the holomorphic
triangle maps, we obtain that
Fα′,β,β′(Fα′,α,β(Θ
o1
α′,α,x),Θ
o2
β,β′) + Fα′,α,β′(Θ
o1
α′,α, Fα,β,β′(x,Θ
o2
β,β′))
= ∂α′,β′(Hα′,α,β,β′(Θ
o1
α′,α,x,Θ
o2
β,β′)) +Hα′,α,β,β′(Θ
o1
α′,α, ∂α,β(x),Θ
o2
β,β′).
Using the definition of the band maps, we obtain the relation
F o1Bα1
F o2
Bβ2
' F o2
Bβ2
F o1Bα1
,
concluding the proof. 
9.4. Band maps and basepoint moving maps. We now consider the relation between α-bands
and β-bands. Recall that we call a band an α-band if the two ends of the band are in components
of L \ (w ∪ z) which go from w to z. Similarly, we say a band is a β-band if the two ends of the
band lie in components of L \ (w ∪ z) which go from z to w.
We claimed earlier that the distinction between α- and β-bands was not especially important for
the TQFT structure, in terms of which decorated link cobordism the maps represented. Instead, we
claimed that the more important distinction is between the w- and z-versions of the band maps. In
this section, we make that claim precise.
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We first consider the type-z band maps. Suppose that Bα is an α-band. Let z1 and z2 be the
z-basepoints adjacent to the ends of Bα. Let Bβ be the β-band formed by isotoping the ends of Bα
across z1 and z2. There is a diffeomorphism
φ : (Y,L(Bβ))→ (Y,L(Bα))
which is fixed outside of a neighborhood of Bα ∪ C1 ∪ C2, where Ci denotes the subarc of L which
goes between an end of Bα and zi and intersects none of the other basepoints. In particular, φ fixes
all of the basepoints except z1 and z2, and switches z1 and z2. The diffeomorphism φ is illustrated
in Figure 9.3.
φ
Bα
L
z1 z2
L(Bα)
z1 z2
z1 z2
Bβ
L
L(Bβ)
z1 z2
Figure 9.3. The diffeomorphism φ which we use to related the type-z
band maps for Bα and Bβ . The diffeomorphism φ : (Y,L(Bβ)) → (Y,L(Bα))
maps z1 to z2 and maps z2 to z1.
The diffeomorphism φ is in fact determined up to isotopy. To see this, and to simplify some of
the arguments in this section, we prove the following elementary fact:
Lemma 9.9. Let T be a tangle in a 3-ball B consisting of two strands, S1 and S2, such that there
are two disjoint 2-cells D1, D2 ⊆ B such that ∂(Di) = Si ∪ai, where ai is an embedded arc in ∂B. If
Diff((B, T ), ∂B) denotes the set of self-diffeomorphisms of (B, T ) which are the identity on ∂B, then
pi0(Diff((B, T ), ∂B)) = {1}.
Proof. Suppose that φ ∈ Diff((B, T ), ∂B). Let N(T ) denote a regular neighborhood of T . Note
that φ can be isotoped so that it restricts to a self-diffeomorphism of N(T ). Let h2 denote the
genus 2 handlebody B \ intN(T ). Let A1 and A2 denote the two annuli cl(∂N(Ti) \ ∂B). Define
D′i := Di ∩ h2, which we can assume are also disks. Furthermore, we assume that the disk D′i
intersects the annulus Ai along a single arc, a
′
i. If we can show that φ preserves the arcs a
′
1 and
a′2, up to isotopy relative to their endpoints, we will be done, since φ can then be isotoped to be
the identity on ∂h2, allowing us to use the well known fact that MCG(hg, ∂hg) = {1} for a genus
g handlebody hg. Define the closed 2-chain c1 = a
′
1 − φ(a′1) in A1. Now [c1] = 0 ∈ H1(A1;Z) if
and only if a′1 and φ(a
′
1) are isotopic in A1 relative to their endpoints. Let ι : A1 → h2 denote the
inclusion map. Note that ι∗([c1]) = [∂D′1]− [∂φ(D′1)] = 0 ∈ H1(h2;Z). However it is easily verified
that the map ι∗ : H1(A1;Z)→ H1(h2;Z) is an injection, so we conclude that [c1] = 0 ∈ H1(A1;Z).
It follows that a′1 and φ(a1)
′ are isotopic in A1, relative to their endpoints. Similarly, a′2 and φ(a
′
2)
are isotopic in A2, relative to their endpoints, completing the proof by our previous argument. 
Proposition 9.10. If Bα and Bβ are the two bands described above, and φ : (Y,L(Bβ))→ (Y,L(Bα))
is the diffeomorphism described above, then
F zBα ' φ∗F zBβ .
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Proof. The overall idea of the proof is to consider a composition of three cobordisms: a birth
cobordism, an α-band attachment, and a β-band attachment. The birth cobordism can be used to
cancel either the α-band, or the β-band, leaving just one band attachment, of either type.
Consider the configuration shown on the top of Figure 9.4. We start with a birth cobordism,
which adds the doubly based unknot (U,w, z), where U = ∂D. There is also an α-band Bα0 and a
β-band Bβ0 . We assume that topologically the union of B
α
0 , D and B
β
0 is isotopic to the band B
α
(though not via an isotopy fixing the basepoints).
Two diffeomorphisms φ1 and φ2 are also shown in Figure 9.4, which are the identity outside a
neighborhood of the arcs and bands shown.
z2
φ2
z1
φ1
τz1←z2
z1
z
z2
z
z2
z1
z1 z2
z
w
Bα0 B
β
0D
z
z2
z1 z2
z1 z2
z
z1
τz1→z
τz←z2
Figure 9.4. Decomposing a band into a birth cobordism, followed by an
α-band Bα0 and a β-band B
β
0 . The bottom three rows show diffeomorphisms φ
1
and φ2, which fix all of the basepoints but change the link, as well as basepoint
moving maps τz1→z, τz←z2 and τz1←z2 which fix the link, setwise, but move the
basepoints. The orientation of the link is shown.
First note that
(43) F z
Bβ0
B+(U,w,z),D ' S+z,w(φ2)∗,
by Proposition 8.5. We post-compose Equation (43) with T−w,z2 to obtain the relation
(44) T−w,z2F
z
Bβ0
B+(U,w,z),D ' T−w,z2S+z,wφ2∗.
By Lemma 4.25, T−w,z2S
+
z,w is chain homotopic to the basepoint moving map τ
z←z2∗ . Hence Equa-
tion (44) becomes
(45) T−w,z2F
z
Bβ0
B+(U,w,z),D ' τz←z2∗ φ2∗.
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We post-compose Equation (45) with F zBα0 to obtain the relation
(46) F zBα0 T
−
w,z2F
z
Bβ0
B+(U,w,z),D ' F zBα0 τ
z←z2∗ φ
2
∗.
We now perform the following manipulation:
(47)
F zBα0 T
−
w,z2F
z
Bβ0
B+(U,w,z),D ' T−w,z2F zBα0 F
z
Bβ0
B+(U,w,z),D (Proposition 9.5)
' T−w,z2F zBβ0 F
z
Bα0
B+(U,w,z),D (Proposition 9.8)
' T−w,z2F zBβ0 S
+
w,zφ
1
∗ (Proposition 8.5)
' T−w,z2F zBβ0 S
+
z1,wτ
z1→z∗ φ
1
∗ (Lemma 4.23)
' T−w,z2S+z1,wF zBβ0 τ
z1→z∗ φ
1
∗ (Proposition 9.5)
' τz1←z2∗ F zBβ0 τ
z1→z∗ φ
1
∗ (Lemma 4.25)
Combining Equations (46) and (47), we obtain the relation
(48) F zBα0 τ
z←z2∗ φ
2
∗ ' τz1←z2∗ F zBβ0 τ
z1→z∗ φ
1
∗.
Finally, we construct a diffeomorphism ψ of Y which moves the link (L∪U)(Bα0 , Bβ0 ) into the position
of L(Bα), fixes z1 and moves z to the position of z2. This is shown schematically in Figure 9.5.
Post-composing Equation (48) with ψ∗, we have
(49) ψ∗F zBα0 τ
z←z2∗ φ
2
∗ ' ψ∗τz1←z2∗ F zBβ0 τ
z1→z∗ φ
1
∗.
Using diffeomorphism invariance of the band maps, it is straightforward to rearrange the diffeomor-
phisms (Lemma 9.9 can be used to simplify things) to see that
ψ∗F zBα0 τ
z←z2∗ φ
2
∗ ' F zBα and ψ∗τz1←z2∗ F zBβ0 τ
z1→z∗ φ
1
∗ ' φ∗F zBβ ,
completing the proof. 
z1
z
z1 z2ψ
Figure 9.5. A schematic of the diffeomorphism ψ. The map ψ sends (L ∪
U)(Bα0 , B
β
0 ) to L(B
α), fixes z1 and maps z to z2.
Remark 9.11. Proposition 9.10 can be interpreted similarly to [OS06, Lemma 5.2], which says that
one can compute maps induced by surgery on framed links using either left subordinate or right sub-
ordinate Heegaard triples. We sketched a proof of this result for link cobordism maps in Lemma 5.9.
The argument uses the fact that the 3-handle maps cancel both the left subordinate, and right sub-
ordinate maps, for 0-surgery on an unlink. Our proof of Proposition 9.10 follows from the analogous
observation that the birth cobordism map B+(U,w,z),D can be canceled by either an α-band map, or
a β-band map.
The analogous statement also holds for the w-band maps. Suppose that Bα is an α-band and Bβ
is a β-band resulting from sliding the ends of Bα across the two adjacent w-basepoints, w1 and w2.
There is a well-defined diffeomorphism φ′ : (Y,L(Bβ)) → (Y,L(Bα)) which moves w1 to w2 along
the link (similar to Figure 9.3, but with basepoints w1 and w2 replacing the z1 and z2 which appear
in that picture.) We have the following:
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Proposition 9.12. If Bα and Bβ are the two bands described above, and φ′ : (Y,L(Bβ))→ (Y,L(Bα))
is the diffeomorphism described above, then
FwBα = φ
′
∗F
w
Bβ .
Proposition 9.12 can be proven by rewriting the proof of Proposition 9.10, switching the S’s and
T ’s and switching the w’s and z’s.
9.5. Commutation of band maps II. We now revisit the question of commuting band maps.
Our previous result, Proposition 9.8, only addressed the case that one band was an α-band, and the
other was a β-band. Equipped with Proposition 9.10, we can now address the case that both bands
are α-bands, or both bands are β-bands:
Proposition 9.13. Suppose that B1 and B2 are two α-bands attached to the link L = (L,w, z) such
that L(B1), L(B2) and L(B1, B2) all have at least two basepoints on each link component. Then
F zB1F
z
B2 ' F zB2F zB1 and FwB1FwB2 ' FwB2FwB1 .
Suppose further that there exist points d ⊆ L \ (w ∪ z) such that each component of L \ (w ∪ z)
contains exactly one point of d, B2 has its ends in regions of L \d containing w-basepoints, and B1
has its ends in regions of L \ d containing z-basepoints. Then
F zB1F
w
B2 ' FwB2F zB1 .
Proof. We will prove the claim when both bands are designated as type-z, or when one is type-w
and one is type-z. The claim when both are type-w is a simple modification of the case that they
are both type-z, so we will omit the proof in that case.
In the case that we wish to designate B1 as type-z and B2 as type-w, the existence of the points
d ⊆ L\ (w∪z) ensures that if we write C1 and C2 for the two components of L\ (w∪z∪B1) whose
closures intersect both B1 and z, then C1 and C2 are disjoint from B2.
In the case that we designate both bands as type-z, then after possibly reordering B1 and B2, we
may assume that the two components, C1 and C2, of L \ (w ∪ z ∪ B1) whose boundaries contain
a z-basepoint and intersect B1 are disjoint from B2. The fact that one of B1 and B2 satisfies this
condition follows from the fact that the bands are oriented and all components of L(B1, B2) have at
least two basepoints.
In both cases, if we write C1 and C2 for the component sof L \ (w ∪ z ∪ B1) whose boundaries
intersect B1 and z, we have that C1 and C2 are disjoint from B2. We will combine the proofs of
both cases of interest, and show that under the assumption that such arcs C1 and C2 exist, we have
F zB1F
o
B2 ' F oB2F zB1 ,
for either o ∈ {w, z},
Let B′1 be the β-band obtained by isotoping the ends of B1 along the arcs a1 and a2 so that they
cross the two z-basepoints adjacent to B1. Let
φ : (Y, L(B1))→ (Y, L(B′1))
be the specialization of the diffeomorphism pictured in Figure 9.3 to our current situation. Note
that φ fixes the band B2, so the diffeomorphism φ induces a diffeomorphism of pairs
φB2 : (Y,L(B1, B2))→ (Y,L(B′1, B2)).
Note that as diffeomorphisms of Y , φ and φB2 are equal. We perform the following manipulation:
F zB1F
o
B2 ' φB2∗ F zB′1F
o
B2 (Proposition 9.10)
' φB2∗ F oB2F zB′1 (Proposition 9.8)
' F oB2φ∗F zB′1 (φ fixes B2)
' F oB2F zB1 (Proposition 9.10).
The proof is complete. 
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10. Parametrized Kirby decompositions of link cobordisms
In this section, we define a way of decomposing a link cobordism into elementary pieces, which
we call a parametrized Kirby decomposition, borrowing the terminology of [Juh16].
10.1. Parametrized link cobordisms.
Definition 10.1. If (W,Σ): (Y, L)→ (Y ′, L′) is an undecorated link cobordism, a parametrization
of (W,Σ), is a collection of pairwise disjoint framed spheres S in Y , together with a diffeomorphism
of link cobordisms
Φ: W(Y, L, S)→ (W,Σ).
such that Φ|{0}×Y = idY . Furthermore, we assume S is either a collection of framed spheres in
Y \L, or is a single framed 0-sphere along L. In the above expression, W(Y,L, S) denotes the trace
link cobordism obtained by attaching 4-dimensional handles along S to Y \ L (Section 5.1), or a
attaching a 4-dimensional 1-handle containing a 2-dimensional 1-handle if S is a framed 0-sphere
along L (Section 7.2).
The following basic fact will be useful:
Remark 10.2. Suppose S and S′ are disjoint collections of framed spheres in Y , and assume for nota-
tional convenience that S and S′ are in the complement of L. Then the link cobordismsW(Y,L, S∪S′),
W(Y (S), L,S′) ◦ W(Y,L, S), and W(Y (S′), L,S) ◦ W(Y, L, S′) are all diffeomorphic. The diffeomor-
phism is canonically specified up to isotopy fixing {0} × Y , and preserving Σ. To see this, it is
sufficient to specify the diffeomorphism from the W(Y, L, S ∪ S′) to W(Y (S), L,S′) ◦ W(Y,L, S).
Notice that we can think of the second as being equal to the first with an extra copy of [0, 1]×Y (S)
inserted. A choice of bicollar neighborhood of {0}×Y (S) allows us to specify such a diffeomorphism,
up to isotopy. Since any two bicollar neighborhoods are isotopic, a diffeomorphism between the two
cobordisms is specified uniquely up to isotopy fixing {0} × Y and preserving Σ.
Now suppose (W,Σ): (Y1, L1) → (Y2, L2) and (W ′,Σ′) : (Y2, L2) → (Y3, L3) are two link cobor-
disms with parametrizations
Φ: W(Y1, L1,S1)→ (W,Σ), and Φ′ : W(Y2, L2,S2)→ (W ′,Σ′).
For notational simplicity, assume that no components of S1 or S2 are framed 0-spheres along L1
or L2. Let S′2 ⊆ Y1(S1) denote Φ|−1Y1(S1)(S2). The diffeomorphism Φ|Y1(S2) : Y (S2) → Y2 induces a
diffeomorphism Φ˜: W (Y1(S1),S′2)→W (Y2,S2).
We define the concatenation of the two parametrizations
Φ′ ∗ Φ: W(Y1(S1), L1,S′2) ◦W(Y1, L1,S1)→ (W ′,Σ′) ◦ (W,Σ),
by setting Φ′ ∗Φ to be Φ on W(Y1, L1,S1) and Φ′ ◦ Φ˜ on W(Y1(S1), L1,S′2). If S′2 ⊆ Y1 \ S1, then in
light of Remark 10.2, the concatenated diffeomorphisms induce a parametrization
Φ′ ∗ Φ: W(Y1, L1,S1 ∪ S′2)→ (W ′,Σ′) ◦ (W,Σ)
which is well-defined up to isotopies (of link cobordisms) fixing Y1 × {0}. The concatenation of the
two parametrizations can also be defined in the case that S1 or S2 is a framed link along L1 or L2,
with only the obvious notational changes to the domain of Φ′ ∗ Φ.
Analogous to [Juh15], we need a notion of elementary parametrized cobordisms, corresponding to
link cobordisms which have a Morse function with at most one critical value of f |W\Σ, f |Σ or f |A:
Definition 10.3. A tuple W = (W,Fσ,Φ,S) is called an elementary, parametrized link cobordism
if (W,Fσ) : (Y1,L1) → (Y2,L2) is a decorated link cobordism with ∂W = −Y1 unionsq Y2, F = (Σ,A) is
a surface with divides, and S is a (possibly empty) collection of framed spheres (0-, 1-, or 2-spheres
away from L, or 0-spheres along L) in Y1 which are pairwise disjoint. Furthermore, we assume that
exactly one of the following holds:
(EPC-1): S = S∅ and Φ: W(Y1, L1,S∅) → (W,Σ) is a parametrization which is the identity
on Y1 × {0} and is defined up to isotopies of link cobordisms which fix Y1 × {0}.
Furthermore, each arc of A goes from the incoming boundary to the outgoing boundary.
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(EPC-2): S = S∅ and Φ is a parametrization
Φ: W(Y1, L1,S∅)→ (W,Σ),
which is the identity on Y1×{0}, and is defined up to isotopies fixing Y1×{0}. Further-
more, all divides of A, except for exactly one arc A, go from the incoming boundary to
the outgoing boundary. There are four subtypes:
(EPC-2S+): The arc A has two ends on the outgoing boundary, and the arc bounds a bigon of
type-w.
(EPC-2S−): The arc A has two ends on the incoming boundary, and the arc bounds a bigon of
type-w.
(EPC-2T+): The arc A has two ends on the outgoing boundary, and the arc bounds a bigon of
type-z.
(EPC-2T−): The arc A has two ends on the incoming boundary, and the arc bounds a bigon of
type-z.
(EPC-3): S is a framed 0-sphere, embedded along L1, and Φ is a parametrization
Φ: W(Y1, L1,S)→ (W,Σ),
which is the identity on Y1 × {0}, and such that the dividing set Φ−1(A) ⊆ Σ(L1,S) is
disjoint from B ⊆ Σ(L1,S). The parametrization is well-defined up to isotopies which
fix Y1 × {0} and the point (0, 0) ∈ B. Furthermore, all of the arcs in A go from the
incoming boundary to the outgoing boundary.
The type (w or z) of each region of Σ(L1,S) \ Φ−1(A) is well-defined. Hence there
are two subtypes:
(EPC-3w): The region containing the band is a component of Σw.
(EPC-3z): The region containing the band is a component of Σz.
(EPC-4): S 6= S∅ and S is a framed 0-sphere, 1-dimensional link or 2-sphere in Y1 \ L1 and Φ is
a parametrization
Φ: W(Y1, L1,S)→ (W,Σ)
which is the identity on Y1×{0}, and which is defined up to isotopies of link cobordisms
which fix Y1 × {0}. Furthermore, each arc of the divides A goes from the incoming
boundary to the outgoing boundary.
The dividing sets for the 4-subtypes of (EPC-3) cobordisms are illustrated in Figure 12.1.
Remark 10.4. In Definition (10.3), the diffeomorphism Φ is of undecorated link cobordisms, and does
not necessarily respect the divides beyond what is stated in (EPC-3) link cobordisms. Furthermore,
for elementary parametrized cobordisms of type (EPC-1), (EPC-2) and (EPC-4), the parametrization
Φ is only defined up to isotopies which fix Y1 × {0}. For elementary parametrized cobordisms of
type (EPC-3), it is defined up to isotopies which fix Y1 × {0} and the point (0, 0) ∈ B.
We make the following definition, borrowing the terminology from [Juh16] and [Juh15]:
Definition 10.5. If (W,F) : (Y,L)→ (Y ′,L′) is a decorated link cobordism, we define a parametrized
Kirby decomposition K of (W,F) to be the following collection of data:
(1) A decomposition of (W,F) as
(W,F) = (Wn,Fn) ∪Yn · · · ∪Y1 (W0,F0)
where (Wi,Fi) is a decorated link cobordism with ∂Wi = −YiunionsqYi+1 and ∂Fi = −LiunionsqLi+1,
for 3-manifolds with links (Yi, Li) and surface with divides Fi (all embedded in W ), such that
Y0 = Y and Yn+1 = Y
′. Furthermore A intersects each component of each Li non-trivially
and transversally.
(2) A choice of basepoints wi and zi on each Li, with one basepoint per component of Li \ A,
of the same type as the subsurface of Σ \ A which contains it.
(3) A framed sphere or link, Si ⊆ Yi and a parameterizing diffeomorphism Φi, making each
(Wi,Fi,Φi,Si) an elementary, parametrized link cobordism.
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We assume further that there is only one term of K of type (EPC-4) which contains a 1-dimensional
framed link. Additionally, for convenience, we assume that all terms of the decomposition of type
(EPC-4) occur after all of the terms of type (EPC-2) or (EPC-3), and that terms of the decomposition
of type (EPC-4) appear with non-decreasing index (i.e. the 0-spheres occur before the 1-dimensional
links, which occur before the 2-spheres).
11. Moves between parametrized Kirby decompositions
In this section, we define a notion of equivalence between two parametrized Kirby decompositions,
which we call Cerf equivalence. The main theorem of this section is Theorem 11.5, which states
that any two parametrized Kirby decompositions of a decorated link cobordism (W,F) are Cerf
equivalent. Most of this section is devoted to proving Theorem 11.5.
11.1. Cerf equivalences of parametrized Kirby decompositions. In this section we provide
the definition of Cerf equivalence (Definition 11.4). Before we can state the definition, we describe
several constructions which will feature in the definition.
We first describe a special notion of isotopy between two parametrized Kirby decompositions,
which will be one of the moves. Suppose that K is a parametrized Kirby decomposition of the deco-
rated link cobordism (W,F) : (Y1,L1)→ (Y2,L2). Write F = (Σ,A) and suppose that φ : (W,Σ)→
(W,Σ) is a diffeomorphism which is the identity on Y1. We now describe a decomposition φ∗K of
(W,F) into parametrized cobordisms, which we note may fail to be a parametrized Kirby decompo-
sition in the sense of Definition 10.5. If
(W,Σ) = (Wn,Σn) ∪Yn · · · ∪Y1 (W0,Σ0)
is the decomposition of undecorated link cobordisms associated to K, then we define the decompo-
sition associated to φ∗K to be
(50) (φ(Wn), φ(Σn)) ∪φ(Yn) · · · ∪φ(Y1) (φ(W0), φ(Σ0)).
The framed spheres Si and parametrizations Φi of K can also be pushed forward along φ to give
diffeomorphisms
φ∗(Φi) := φ ◦ Φi ◦ φ−1 : W(φ(Yi), φ(Li), φ(Si))→ (φ(Wi), φ(Σi)).
Note that φ∗K may fail to be a parametrized Kirby decomposition, because in general there is no
reason to expect (φ(Wi), φ(Σi), φ(Σi)∩A) to be an elementary parametrized cobordism in the sense
of Definition 10.3. With this in mind, we make the following definition:
Definition 11.1. Suppose that (W,F) is a link cobordism with F = (Σ,A). If K and K′ are two
parametrized Kirby decompositions of (W,F), we say that K and K′ are related by an A-adapted
isotopy if there is a 1-parameter family of diffeomorphisms φt : (W,Σ)→ (W,Σ) such that following
are satisfied:
(1) φt|Y1 = id for all t.
(2) (φt)∗K is a valid parametrized Kirby decomposition for all t.
(3) (φ1)∗K = K′.
Remark 11.2. Suppose φt is an A-adapted isotopy of (W,F) and (Wi,Fi,Φi,S0i ) is a term of K
corresponding to a framed 0-sphere along Li. Writing p for Φi(0, 0), where (0, 0) center of the band
in the cobordism W(Yi, Li,S0i ), then φt(p) is a path on Σ. For φt to induce an A-adapted isotopy,
this path cannot intersect an arc of A, since at a point of time when φt(p) ∈ A, the diffeomorphism
(φt)∗Φi fails to be a valid parametrization for an elementary parametrized cobordism, as it maps
the center of the band onto an arc of A.
Additionally, we need the following definition related to birth-death singularities of Morse functions
(compare [Juh15, Section 1.3]):
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Definition 11.3. Suppose S ⊆ Y is a framed k-sphere, and S′ ⊆ Y (S) is a framed (k + 1)-sphere
which intersects the belt sphere of S, transversely at a single point. We say a diffeomorphism
Ψ: W(Y (S), Li,S′) ◦W(Y, L, S)→W(Y, L, S∅),
is formed by a handle cancellation if it is constructed by the following procedure: take two Morse
functions and gradient-like vector fields on W(Y (S), L,S′) and W(Y, L, S) which each have exactly
one critical point, and induce the identity parametrization of the two cobordisms. In Section 11.6
we will describe exactly how a Morse function and gradient-like vector field induce a parametrizing
diffeomorphism. Furthermore, we will see that such Morse functions and gradient-like vector fields
exist in Lemma 11.21. The stable manifold of the higher critical point is transverse to the unstable
manifold of the lower critical point and there is a single flowline connecting the two critical points.
Write (f, v) for the Morse function and gradient-like vector field obtained by stacking the Morse func-
tion and gradient-like vector fields on the two cobordisms. Using the argument from [Juh15, Section
1.3], there is a homotopically unique path of functions with gradient-like vector fields (ft, vt)t∈[0,1]
with f0 = f , which are constant outside a neighborhood of the flowline between the two critical
points, which realizes a birth-death singularity. The pair (f1, v1) on W(Y (S), L,S′) ◦ W(Y, L, S)
determines a diffeomorphism Ψ: W(Y,L, S∅) → W(Y (S), L,S′) ◦ W(Y, L, S), which is the identity
on the incoming boundary, {0}×Y , and is well-defined up to isotopy relative {0}×Y , since (f1, v1)
is determined up to homotopy (through paths of Morse functions and gradient-like vector fields,
with no intermediate singularities).
We can now give our definition of equivalence between two parametrized Kirby decompositions.
Definition 11.4. We say two parametrized Kirby decompositions are Cerf equivalent if they are
related by a sequence of the following set of moves and their inverses:
(1) (A-adapted isotopy): See Definition 11.1.
(2) (Isotopy of an attaching sphere Si away from Li): Suppose Wi = (Wi,Fi,Φi,Si) is a term
in K and suppose Sti is a 1-parameter family of framed k-spheres in Yi \Li starting at Si and
ending at a framed sphere S′i. Let dti denote an extension of this isotopy to Yi which fixes
Li pointwise. Define
D : W(Yi, Li,Si)→W(Yi, Li,S′i)
via the formula
D(t, x) = (t, dti(x))
for (t, x) ∈ [0, 1]× Y . We define D to map the handle regions on the two trace cobordisms
diffeomorphically onto each other, under their identifications as Dk+1 ×D3−k. There is an
induced diffeomorphism dSii from Yi(Si) to Yi(S′i), which D restricts to. The elementary
parametrized cobordism Wi is replaced with an elementary cobordism W ′i = (Wi,Fi,Φ′i,S′i)
where Φ′i ◦D = Φi.
(3) (Isotopy of a framed 0-sphere Si along Li): Suppose Wi = (Wi,Fi,Φi,Si) is a term of
K and that Sti is a 1-parameter family of framed 0-spheres along Li from Si to S′i. The
diffeomorphism sending Si to Sti extends to an isotopy dti of Yi which preserves Li. The
isotopy dti defines a diffeomorphism
D : W(Yi, Li,Si)→W(Yi, Li,S′i)
via the formula
D(t, x) =
{
(t, dti(x)) if (t, x) ∈ [0, 1]× Y
(t, d1i (x)) if (t, x) ∈ [1, 2]× Y (S),
and D(z) = z if z ∈ D1 ×D3 (the 1-handle).
Note that since dti preserves Li setwise, the map D sends Σ(Li,S) to Σ(Li,S′), diffeomor-
phically, and maps the bands to each other as the identity, under the identification of both
as [−1, 1]× [−1, 1].
The parametrized cobordism (Wi,Fi,Φi,Si) is replaced withW ′i = (Wi,Fi,Φ′i,S′i), where
Φ′i ◦D = Φi.
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(4) (Addition of a trivial cylinder): IfWi = (Wi,Fi,Φi,Si) andWi+1 = (Wi+1,Fi+1,Φi+1,Si+1)
are adjacent terms of K, with at least one of Wi and Wi+1 being of type (EPC-1), then the
pair Wi and Wi+1 is replaced with a single W ′i = (Wi+1 ∪Wi,Fi+1 ∪ Fi,Φ′i,S′i). Under the
canonical identification of
W(Yi+1, Li+1,Si+1) ∪Φi W(Yi, Li,Si) ∼=W(Yi, Li,Si ∪ piYi(Φ−1i (Si+1))),
where
piYi : [0, 1]× Yi → Yi
denotes projection. The maps Φ′i and the concatenation Φi+1 ∗ Φi are isotopic through
diffeomorphisms fixing {0} × Yi (or ({0} × Yi) ∪ {(0, 0)}, where (0, 0) denotes the center of
the band).
(5) (Reversal of the orientation of a framed sphere): Suppose Wi = (Wi,Fi,Φi,Si) is an el-
ementary parametrized cobordism with Si a non-empty framed 0-sphere, 2-sphere, or 1-
dimensional link, in Yi \ Li. We view Si as a map from a Sk × D3−k to Yi, and give
Sk ×D3−k ⊆ Dk+1×D3−k ⊆ R4 the coordinates (x, y, w, z) induced by R4. We replace the
map Si with the map Si formed by pre-composing Si with the map
σ(x, y, w, z) = (−x, y, w,−z).
If Si is a framed 0-sphere along Li, we can replace Si with the map Si induced by pre-
composing Si with the map
σ(x, y, w, z) = (−x,−y, w, z).
The parameterizing diffeomorphism Φ is also changed by precomposition with σ on the
handle region, Dk+1 ×D3−k.
(6) (Index 1/2 birth-death singularity away from Σ): SupposeWi = (Wi,Fi,Φi,Si) andWi+1 =
(Wi+1,Fi+1,Φi+1,Si+1) are adjacent terms of the decomposition, both of type (EPC-4), such
that Wi has framed 0-sphere Si away from Li and parametrization
Φi : W(Yi, Li,Si)→ (Wi,Σi),
and Wi+1 has framed 1-dimensional link Si+1, and parametrization
Φi+1 : W(Yi+1, Li+1,Si+1)→ (Wi+1,Σi+1).
Suppose the image of the belt sphere of Si in Yi+1 (under the parametrization) intersects
a single component, K, of Si+1 exactly once. The move is a composition of following two
moves:
• We split the component K of Si+1 off from the rest of the components of Si+1 by
replacing Wi+1 ◦Wi with W ′i+1 ◦W ′′i+1 ◦Wi where
W ′i+1 = (W ′i+1,F ′i+1,Φ′i+1,S′i+1) and W ′′i+1 = (W ′′i+1,F ′′i+1,Φ′′i+1,K)
and piYi+1((Φ
′′
i+1)
−1(S′i+1)) = Si+1 \K.
• We cancel K and Si by replacing W ′i+1 ◦ W ′′i+1 ◦ Wi with W ′i+1 ◦ W ′i where W ′i =
(W ′i ,F ′i ,Φ′i,S∅) is an elementary parametrized cobordism of type (EPC- 1). Further-
more,
Φ′i ◦Ψ ' Φ′′i+1 ∗ Φi,
and
Ψ: W(Yi(Si), Li,Φ−1i (K)) ◦W(Yi, Li,Si)→W(Yi, Li,S∅)
is a diffeomorphism obtained by handle cancellation (Definition 11.3).
(7) (Index 2/3 birth-death singularity away from Σ): This move is defined analogously to
Move (6), but instead we start with a pair of adjacent terms Wi = (Wi,Fi,Φi,Si) and
Wi+1 = (Wi+1,Fi+1,Φi+1,Si+1) where Si is a framed 1-dimensional link, and Si+1 is a
framed 2-sphere, which cancels a component K of Si. The pair is replaced with two elemen-
tary parametrized cobordisms, W ′i+1 and W ′i, with W ′i+1 being a trivial cobordism and W ′i
corresponding to surgery on Si \K.
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(8) (Critical value switch between framed 0- or 2-spheres, away from Σ): IfWi = (Wi,Fi,Φi,Si)
and Wi+1 = (Wi+1,Fi+1,Φi+1,Si+1) are both of type (EPC-4), for 0- or 2-spheres Si ⊆ Yi
and Si+1 ⊆ Yi+1 such that under the images of Si and piYi(Φ−1i (Si+1)) in Yi are disjoint,
then we replace the two composition Wi+1 ◦Wi with a composition W ′i+1 ◦W ′i where
W ′i = (W ′i ,F ′i ,Φ′i,S′i) and W ′i+1 = (W ′i+1,F ′i+1,Φ′i+1,S′i+1)
are both of type (EPC-4), and satisfy Wi+1 ∪Wi = W ′i+1 ∪W ′i and Fi+1 ∪ Fi = F ′i+1 ∪ F ′i .
Furthermore
Φi(S′i) = Si+1 and Φ′i(Si) = S′i+1.
Furthermore, under the canonical identifications
W(Yi(Si), Li,S′i) ◦W(Yi, Li,Si) ∼=W(Yi(S′i), Li,Si) ◦W(Yi, Li,S′i),
we have that the concatenations Φi+1∗Φi and Φ′i+1∗Φ′i are isotopic through diffeomorphisms
which fix Yi × {0}.
(9) (Handleslide amongst the framed 1-dimensional spheres): If Wi = (Wi,Fi,Φi,Si) is of
type (EPC-4), and Si is a framed 1-dimensional link, then handlesliding a component of Si
across another component yields a framed link S′i, and a diffeomorphism D : W(Yi, Li,S′i)→
W(Yi, Li,Si) fixing Y1 × {0}, well-defined up to isotopy2. The parametrized cobordism Wi
is replaced by
W ′i = (Wi,Fi,Φi ◦D,S′i).
(10) (Birth-death singularity alongA): IfWi = (Wi,Fi,Φi,S∅) andWi+1 = (Wi+1,Fi+1,Φi+1,S∅)
are elementary parametrized link cobordisms, both of type (EPC-2), such that the two crit-
ical arcs of Fi and Fi+1 intersect at exactly one point on the common boundary Wi ∩Wi+1,
then we replace the pair Wi and Wi+1 with
W ′i = (Wi+1 ∪Wi,Fi+1 ∪ Fi,Φi+1 ∗ Φi,S∅),
an elementary, parametrized link cobordism of type (EPC-1).
(11) (Critical point switch along A): IfWi = (Wi,Fi,Φi,S∅) andWi+1 = (Wi+1,Fi+1,Φi+1,S∅)
are both of type (EPC-2), such that the critical arcs of Fi and Fi+1 are disjoint, then
Wi+1 ◦Wi is replaced by W ′i+1 ◦W ′i where
W ′i = (W ′i ,F ′i ,Φ′i,S∅) and W ′i+1 = (W ′i+1,F ′i+1,Φ′i+1,S∅)
are both of type (EPC-2), and Wi+1 ∪Wi = W ′i+1 ∪W ′i and Fi+1 ∪ Fi = F ′i+1 ∪ F ′i . If
ai and ai+1 are the dividing arcs of Fi+1 ∪ Fi which contain the critical arcs of Fi and
Fi+1, respectively, then ai 6= ai+1. Furthermore, ai contains the critical arc of F ′i+1 and
ai+1 contains the critical arc of F ′i . Lastly, Φi+1 ∗ Φi and Φ′i+1 ∗ Φ′i are isotopic through
diffeomorphisms which fix {0} × Yi.
(12) (Critical point switch along Σ): IfWi = (Wi,Fi,Φi,Si) andWi+1 = (Wi+1,Fi+1,Φi+1,Si+1)
are both of type (EPC-3), then the pair is replaced by a pair
W ′i = (W ′i ,F ′i ,Φ′i,S′i) and W ′i+1 = (W ′i+1,F ′i+1,Φ′i+1,S′i+1),
both of type (EPC-3), with Wi+1 ∪Wi = W ′i+1 ∪W ′i and Fi+1 ∪ Fi = F ′i+1 ∪ F ′i , and
piYi(Φ
−1
i (Si+1)) = S
′
i and piYi((Φ
′
i)
−1(S′i+1) = Si.
Furthermore, under the canonical identifications
W(Yi(Si), Li(Si),S′i) ◦W(Yi, Li,Si) ∼=W(Yi(S′i), Li(S′i),Si) ◦W(Yi, Li,S′i),
the maps Φi+1 ∗ Φi and Φ′i+1 ∗ Φ′i are isotopic through diffeomorphisms of link cobordisms
which fix {0} × Yi, as well as the center points of the two bands.
2An isotopy of an attaching map yields a diffeomorphism of the spaces obtained by attaching a handle, well-defined
up to isotopy. Handlesliding a handle across another corresponds to an isotopy of the attaching sphere of a handle on
the boundary of the 4-manifold obtained by attaching another handle. As such, the diffeomorphism D resulting from
handlesliding is well-defined up to isotopy.
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(13) (Critical point switch between critical points of A and Σ): If Wi = (Wi,Fi,Φi,S∅) is of
type (EPC-2) and Wi+1 = (Wi+1,Fi+1,Φi+1,Si+1) is of type (EPC-3), then we replace the
expression Wi+1 ◦Wi with W ′i+1 ◦W ′i where
W ′i = (W ′i ,F ′i ,Φ′i,S′i), and W ′i+1 = (W ′i+1,F ′i+1,Φ′i+1,S∅).
FurthermoreW ′i is of type (EPC-3) andW ′i+1 is of type (EPC-2). Furthermore, Wi+1∪Wi =
W ′i+1 ∪W ′i and Fi+1 ∪ Fi = F ′i+1 ∪ F ′i , and Φi({1} × S′i) = Si+1. Furthermore, under the
canonical identification (well-defined up to isotopy)
W(Yi, Li,S′i) ◦W(Yi, Li,S∅) ∼=W(Yi(S′i), Li,S∅) ◦W(Yi, Li,S′i),
we have that Φi+1 ∗Φi and Φ′i+1 ∗Φ′i are isotopic through diffeomorphisms which fix ({0}×
Yi) ∪ {(0, 0)}.
(14) (A critical point of Σ crossing A): IfWi = (Wi,Fi,Φi,S∅) is of type (EPC-2S+) andWi+1 =
(Wi+1,Fi+1,Φi+1,Si+1) is of type (EPC-3w), thenWi+1◦Wi is replaced byW ′i+1◦W ′i, where
W ′i = (W ′i ,F ′i ,Φ′i,S∅) and W ′i+1 = (W ′i+1,F ′i+1,Φ′i+1,S′i+1),
and W ′i is of type (EPC-2T+) and W ′i+1 is of type (EPC-3z). Furthermore Wi+1 ∪Wi =
W ′i+1 ∪W ′i and Fi+1 ∪Fi = F ′i+1 ∪F ′i . Additionally, piYi(Φ−1i (Si+1)) and piYi((Φ′i)−1(S′i+1))
are equal. The maps Φi+1∗Φi and Φ′i+1∗Φ′i are isotopic diffeomorphisms of link cobordisms,
relative to {0} × Yi, however the isotopy between Φi+1 ∗ Φi and Φ′i+1 ∗ Φ′i does not fix the
point (0, 0) of the band. Instead the image of (0, 0) ∈ Σ(Li,S) (where S = piYi(Φ−1i (Si+1)))
crosses a single arc of A, transversely, at a single point. See Figure 11.1.
The remainder of this section is devoted to proving the following theorem, which will be used to
prove invariance of the link cobordism maps:
Theorem 11.5. If (W,F) : (Y1,L1) → (Y2,L2) is a decorated link cobordism and each component
of W and each component of F intersect Y1 and Y2 non-trivially, then any two parametrized Kirby
decompositions of (W,F) are Cerf equivalent.
11.2. Morse functions and adapted coordinates. Suppose that X is a smooth manifold with a
Morse function f : X → R and p ∈ X is an index k critical point of f . If U ⊆ X is a precompact set,
let Coorp(U) denote the set of oriented local coordinates ~x = (x1, . . . , xn) defined on U , centered at
p, which extend smoothly to a neighborhood of cl(U) ⊆ X. We will write Coorp(U, f) for the subset
of Coorp(U) of coordinates ~x = (x1, . . . , xn) where
f = f(p)− (x21 + · · ·+ x2k) + (x2k+1 + · · ·+ x2n).
The sets Coorp(U) and Coorp(U, f) can be given the C
∞ topology.
If X and Y are open subsets of Rn, both containing ~0, and X is precompact, we will write
Diff ′((X,~0), (Y,~0)) for the space of maps from X to Y which fix ~0, are diffeomorphisms onto their
image, and which extend smoothly to a neighborhood of cl(X) in Rn.
We will write F yk,n−k : Rn → R for the function
F yk,n−k(~u) := y − (u21 + · · ·u2k) + (u2k+1 + · · ·+ u2n),
where ~u = (u1, . . . , un) denotes a point in Rn. Note that if ~x ∈ Coorp(U), then F f(p)k,n−k ◦ ~x = f if
and only if ~x ∈ Coorp(U, f).
The map F yk,n−k satisfies the equation
F yk,n−k(~u) = y + ~u
> · Ik,n−k · ~u,
where Ik,n−k is the diagonal matrix whose first k entries are −1 and the last n − k are +1. The
indefinite orthogonal group O(k, n−k) is defined as the set of n×n matrices M over R which satisfy
M> · Ik,n−k ·M = Ik,n−k. If 0 < k < n, then O(k, n − k) has 4 components, which can be related
by reversing the orientation of one or both of the subspaces Rk × {~0}, {~0} ×Rn−k ⊆ Rk ×Rn−k. If
0 < k < n, then SO(k, n− k), the set of matrices in O(k, n− k) with determinant +1 (equivalently
LINK COBORDISMS AND FUNCTORIALITY IN LINK FLOER HOMOLOGY 75
the matrices in O(k, n− k) whose action preserves the orientation of Rn), has two components. The
two components are related by reversing the orientations of Rk×{~0} and {~0}×Rn−k simultaneously.
The following fact is essentially well known (cf. [Cer70, pg. 168]), and will be useful to us.
Lemma 11.6. Suppose that there are coordinates ~x0 ∈ Coorp(U, f) such that ~x0(U) is a convex
subset of Rn. Then the set Coorp(U, f) is homotopy equivalent to SO(k, n− k).
Proof. Fixing a base set of coordinates ~x0, we can define a homeomorphism
I~x0 : Coorp(U)→ Diff ′((~x0(U),~0), (Rn,~0))
via the formula
I~x0(~x) := ~x ◦ ~x−10 .
Let us write Diff ′((~x0(U),~0), (Rn,~0);F f(p)k,n−k) for the subset of Diff
′((~x0(U),~0), (Rn,~0)) consisting
of maps which preserve F
f(p)
k,n−k. Note that I~x0 restricts to a homeomorphism from Coorp(U, f) to
Diff ′((~x0(U),~0), (Rn,~0);F yk,n−k). We define the map
H : [0, 1]×Diff ′((~x0(U),~0), (Rn,~0))→ Diff ′((~x0(U),~0), (Rn,~0))
via the formula
H(t, φ)(~u) =
{
1
tφ(t · ~u), t 6= 0
d~0(φ)(~u), t = 0,
where ~u denotes a point in Rn. Note we are using the fact that ~x0(U) is convex for H to be
well-defined.
To see that the map H is continuous in the C∞ topology, we note that if I is a multi-index, then(
∂I
∂~uI
H(t, φ)
)
(~u) = t|I|−1
(
∂I
∂~uI
φ
)
(t · ~u),
from which continuity of H in the C∞ topology is straightforward.
We claim thatH maps [0, 1]×Diff ′((~x0(U),~0), (Rn,~0);F f(p)k,n−k) into Diff ′((~x0(U),~0), (Rn,~0);F f(p)k,n−k).
To see this, if φ preserves F
f(p)
k,n−k we compute that
F
f(p)
k,n−k(
1
tφ(t · ~u)) = f(p) + F 0k,n−k( 1tφ(t · ~u)) = f(p) + 1t2F 0k,n−k(φ(t · ~u))
= f(p) + 1t2F
0
k,n−k(t · ~u) = F f(p)k,n−k(~u).
Furthermore, H(t, φ) = φ for any linear diffeomorphism of Rn. Hence H determines a deformation
retraction of Diff ′((~x0(U),~0), (Rn,~0);F f(p)k,n−k) onto the subspace consisting of linear diffeomorphisms
which are oriented and preserve F
f(p)
k,n−k, which is clearly homeomorphic to SO(k, n− k).

We now prove several refinements of Lemma 11.6, concerning spaces of coordinates adapted to
Morse functions and surfaces in a 4-manifold. Suppose Σ2 is an oriented, embedded surface in a
smooth manifold X4. Suppose U ⊆ X is a precompact open subset, f : X → R is a Morse function
such that f |Σ is Morse, and p ∈ Σ is a critical point of f and f |Σ, which is index 1 for both.
Write Coorp(U,Σ, f) to be the set of coordinates ~x = (x, y, w, z) for X, which extend smoothly to a
neighborhood of cl(U), such that Σ ∩ U = im(~x) ∩ {(x, y, 0, 0)} and
f = f(p)− x2 + y2 + w2 + z2
on U .
Lemma 11.7. Suppose that Σ is an oriented, embedded surface in X, an oriented 4-manifold, and
that f is a Morse function on X, as above. If there is an ~x0 ∈ Coorp(U,Σ, f) such that ~x0(U) is a
convex subset of R4, then Coorp(U,Σ, f) is homotopy equivalent to S(O(1, 1) × O(2)), which has 4
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components. The subset of these coordinates which preserves a given orientation of Σ is homotopy
equivalent to SO(1, 1)× SO(2), which has two components. If we write v0 for the vector field
v0 :=
(
−x ∂
∂x
+ y
∂
∂y
+ w
∂
∂w
+ z
∂
∂z
)
defined on R4, then the set of vector fields
V := {~x∗(v0) : ~x ∈ Coorp(U,Σ, f)}
is connected.
Proof. The deformation retraction from Lemma 11.6 is easily seen to respect Σ, since ~x0(Σ ∩ U) is
a linear subspace of R4. Hence Coorp(U,Σ, f) is homotopy equivalent to the subset of orientation
preserving, linear diffeomorphisms of R4 which preserve the function F f(p)1,3 and also preserve the
subspace {(x, y, 0, 0)} ⊆ R4. Let L denote the set of linear transformations of R4, which preserve f
and preserve {(x, y, 0, 0)} setwise. If M ∈ L, we can view M as a 2× 2 block matrix, with the first
block corresponding to (x, y), and the second block corresponding to (w, z). The requirement that
M preserves {(x, y, 0, 0)} is equivalent to M taking the form
M =
(
A B
0 D
)
.
The requirement that M preserves the function F
f(p)
1,3 is equivalent to the requirement that the block
matrix for M satisfy
A ∈ O(1, 1), B = 0 and D ∈ O(2).
Finally, for the claim about V, we note that the two components of SO(1, 1)× SO(2) are related
by replacing (x, y) with (−x,−y), which does not change the vector field v0. 
We prove a final result concerning Morse functions and coordinate systems. Suppose that Σ2 is
an embedded submanifold of X4 and both are oriented. Suppose that h is a Morse function on Σ,
and p ∈ Σ is an index 1 critical point of h. If U ⊆ X is a precompact open set containing p, let
Coorp(U,Σ, h) denote the set of coordinates ~x : U → R4, centered at p, which extend smoothly to a
neighborhood of cl(U), such that ~x(U ∩Σ) is embedded in {(w, z, 0, 0)} in an orientation preserving
manner, and such that
h = h(p)− x2 + y2
on Σ ∩ U .
Lemma 11.8. Let Σ2 be an oriented submanifold of X4, and let h be a Morse function on Σ with a
critical point p of index 1. If Coorp(U,Σ, h) contains an element ~x0 such that ~x0(U) ⊆ R4 is convex,
then the space Coorp(U,Σ, h) has 2 components, which are related by replacing (x, y) with (−x,−y).
Proof. The technique from Lemma 11.6 shows that if Coorp(U,Σ, h) contains such an ~x0, then
Coorp(U,Σ, h) is homotopy equivalent to the space of linear transformations of R4 which preserve
{(x, y, 0, 0)} setwise, preserve the orientations of R4 and {(x, y, 0, 0)}, and preserve the function
h(p)− x2 + y2 on Σ. Such a linear transformation can be written in block matrix form as
M =
(
A B
0 D
)
where A ∈ O(1, 1), B ∈ Mat2×2(R) and D ∈ GL(2,R). The set of such matrices deformation
retracts onto the space with B = 0. Furthermore, requiring that M preserve the orientations of X
and Σ implies that A and D have positive determinant, so we see that Coorp(U,Σ, h) is homotopy
equivalent to SO(1, 1)×GL+(2,R), which has two components, which are related by replacing (x, y)
with (−x,−y). 
Definition 11.9. If (W,Σ) is an undecorated link cobordism, we define M(W,Σ) to be the space
of Morse functions f : W → [0, 2] such that the following hold:
(1) Crit(f |Σ) = Crit(f) ∩ Σ.
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(2) For each p ∈ Crit(f) ∩ Σ there are coordinates ~x = (x, y, w, z), defined on a neighborhood
U of p, which are oriented for both W and Σ, such that f = f(p)− x2 + y2 + w2 + z2, and
~x(Σ ∩ U) = ~x(U) ∩ {(x, y, 0, 0)}.
If h is a fixed Morse function on Σ which has only index 1 critical points, we will write M(W,Σ;h)
for the set of Morse functions in M(W,Σ) which also restrict to h on Σ.
Remark 11.10. If f ∈M(W,Σ), then by property (2) of Definition 11.9, it follows that f |Σ has only
index 1 critical points.
Definition 11.11. If (W,Σ) is a link cobordism, we say that a smooth function f : W → [0, 2] is a
nice Morse function if the following are satisfied:
(1) f ∈M(W,Σ).
(2) All critical values of f |Σ are in (0, 1), and all critical values of f |W\Σ are in (1, 2).
(3) f |W\Σ has only index 1, 2 or 3 critical points.
(4) All index 1 critical points of f |W\Σ occur before the index 2 critical points, which occur
before the index 3 critical points.
(5) All critical points of f have distinct critical values.
We write Mnice(W,Σ) for the set of nice Morse functions. If h is a fixed Morse function on Σ, we
write Mnice(W,Σ;h) for the subset of Mnice(W,Σ) of Morse functions which restrict to h on Σ.
11.3. Connecting Morse functions which agree on Σ. In this subsection, we construct appro-
priately nice paths between Morse functions which agree on Σ.
Lemma 11.12. Suppose that h is a Morse function on Σ with only index 1 critical points. If
f0, f1 ∈ M(W,Σ, h), then there is a 1-parameter family (ft)t∈[0,1] of smooth functions such that
ft ∈M(W,Σ, h) for all but finitely many t, and at the finitely many points of time when ft fails to
be in M(W,Σ, h), exactly one of the following occurs:
(1) A critical point birth-death occurs in W \ Σ.
(2) Two critical points exchange relative value.
Furthermore the path ft can be chosen so that for each p ∈ Crit(h), there is a neighborhood U of p
in W and a 1-parameter family of coordinates ~xt = (xt, yt, wt, zt) : U → R4 such that ~xt(U ∩ Σ) ⊆
{(x, y, 0, 0)} ⊆ R4, and
ft = h(p)− x2t + y2t + w2t + z2t .
Proof. First, consider the case that f0 and f1 agree in an open set N containing Crit(h). In this
case, we start with the 1-parameter family ft = t · f1 + (1 − t) · f0. Notice that ft has no critical
points along Σ except for those in Crit(h) since it is constant in t on Σ. A generic perturbation of
ft near the set of critical points in W \ Σ will be Morse at all but finitely many t ∈ [0, 1], where a
birth-death singularity, or a critical value switch occurs. Since ft is fixed on N , one does not need
to perturb near Σ.
Using the previous observation, it is sufficient to show that if f0, f1 ∈ M(W,Σ;h) are arbitrary
Morse functions, then there is a 1-parameter family (fˆt)t∈[0,1] such that fˆt ∈ M(W,Σ;h) for all t,
and such that fˆ0 = f0 and fˆ1 agrees with f1 in a neighborhood of Crit(h).
For notational simplicity, let’s consider only the case that Crit(h) contains a single point p. By
the assumption that f0, f1 ∈M(W,Σ;h), there is an open neighborhood U , with coordinates maps
~x0 = (x0, y0, w0, z0) and ~x1 = (x1, y1, w1, z1), centered at p, such that fi = F
h(p)
1,3 ◦~xi. We can assume,
without loss of generality, that ~x0(U) ⊆ R4 is convex. Lemma 11.8 implies that after possibly
replacing (x0, y0) with (−x0,−y0), there is a 1-parameter family of coordinates ~xt = (xt, yt, wt, zt),
starting at ~x0 and ending at ~x1, such that h = h(p)− x2t + y2t for all t, and such that ~xt maps Σ to
{(x, y, 0, 0)} ⊆ R4 for all t.
Note that φt := ~x
−1
t ◦ ~x0 determines a 1-parameter family of embeddings of U into W , which fix
p and preserve Σ, setwise. Furthermore h ◦ (φt)|Σ ◦ ιΣ = h, where ιΣ : Σ→W denotes inclusion.
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We now extend φt to an isotopy of all of W , as follows. Pick a compactly supported bump function
ρ which is supported in U and is 1 in a neighborhood of p. Define the time dependent vector field
Vt(x) = ρ(x) · d
ds
∣∣∣∣
s=0
φt+s(φ
−1
t (x)).
We integrate Vt(x) to define a 1-parameter family of diffeomorphisms (Φt)t∈[0,1], i.e., we define Φt
to be a family of diffeomorphisms which satisfies
Vt(Φt(x)) =
d
ds
∣∣∣∣
s=0
Φs+t(x).
It is straightforward to check the following properties:
(1) Φt(p) = p and Φt(Σ) = Σ.
(2) h ◦ Φt ◦ ιΣ = h.
(3) Φt = φt in a neighborhood of p.
We define fˆt := f0 ◦ Φt, and note that fˆ0 = f0, fˆt ∈M(W,Σ;h) for all t, and fˆ1 and f1 agree in a
neighborhood of p. Using our previous argument, the proof is complete. 
Lemma 11.13. Suppose h : Σ→ [0, 2] is a Morse function, all of whose critical points have index 1
and all of whose critical values are in (0, 1). If f0, f1 ∈Mnice(W,Σ;h), then there is a smooth path
ft from f0 to f1 such that ft is a nice Morse function except at finitely many t, where one of the
following occurs:
(1) Two critical points in W \ Σ exchange relative value.
(2) An index 1/2 or index 2/3 birth-death singularity occurs in W \ Σ.
Proof. Using Lemma 11.12, we can find a generic path ft from f0 to f1, which is in M(W,Σ;h) for
all but finitely many t, where a critical value switch occurs, or a birth-death singularity occurs in
W \ Σ. We pick a path of gradient-like vector fields vt for ft, such that vt|Σ is tangent to Σ for
all t (it is straightforward to show that such vector fields exist). We note that by assumption, the
descending manifolds of Crit(f |Σ) are contained in Σ, and hence are disjoint from the ascending
manifolds of Crit(ft|W\Σ). Hence we can modify the path ft so that all critical points of any ft|W\Σ
occur in the interval (1, 2), using the “independent trajectories principle” ([Kir78, pg. 40]).
Now one can use the techniques of Cerf graphics (see [Kir78, Section 3], [Cer70], [HW73]) to
modify the path ft so that all index 1 critical points occur before the index 2 critical points, which
occur before the index 3 critical points, and so that there are also no index 0 or 4 critical points.
Generically, the path ft will be Morse and have distinct critical values for all but finitely many
t ∈ [0, 1], where a critical point birth-death may occur, or a critical value switch may occur. 
11.4. Connecting Morse functions which disagree on Σ. In this section, we describe how to
connect two Morse functions which may not agree on Σ. As a first step, we prove a version of
[GWW12, Lemma 3.1] for link cobordisms:
Lemma 11.14. Suppose that ft : W → [0, 2] is a path of Morse functions on (W,Σ) such that
ft ∈Mnice(W,Σ; ft|Σ) for all t (in particular all critical values are distinct, and there are no birth-
death singularities of ft). Then there is a smooth isotopy ψt : (W,Σ)→ (W,Σ) such that ψt|∂W = id
for all t, and an isotopy φt : R→ R such that
ft = φt ◦ f0 ◦ ψ−1t .
Proof. If we do not require ψt to map Σ to Σ, then [GWW12, Lemma 3.1] gives us the result
immediately. We briefly sketch the modification of their proof, to the setting of link cobordisms.
First pick an isotopy φt : R → R such that ft and φt ◦ f0 have the same critical values. Such a φt
exists because by assumption all critical values of ft are distinct, and there are no critical point
birth-death singularities. Write gt for φ
−1
t ◦ ft. Pick a path of gradient-like vector fields Vt for gt
such that Vt|Σ is tangent to Σ. Away from Σ and the critical points of gt, we define a vector field
Vˆt = − ∂tgt
Vt(gt)
· Vt.
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Note that
dgt(Vˆt) + ∂tgt = 0.
Extend Vˆt over a neighborhood of a critical point pt of gt by picking a smooth path of embeddings
θt : B
4 →W , centered at pt, such that if pt ∈ Σ, then
(gt ◦ θt)(x, y, w, z) = c− x2 + y2 + w2 + z2
(with Σ locally given by {(x, y, 0, 0)}), and defining
Vˆt(y) =
d
ds
∣∣∣∣
s=0
θs+t(θ
−1
t (y)).
We use a similar formula near critical points which are not on Σ. We patch together the various
definition of Vˆt using partitions of unity, and note that they satisfy
(51) dgt(Vˆt) + ∂tgt = 0.
We define ψt to be the flow of the time dependent vector field Vˆt, and note that Equation (51)
implies gt ◦ψt is constant, and hence equal to f0. Hence ft = φt ◦ f0 ◦ψ−1t . Finally, we note that ψt
preserves Σ, since Vˆt|Σ is tangent to Σ. 
Lemma 11.15. Suppose that f ∈ Mnice(W,Σ) and ht : Σ → [0, 2] is a smooth path of Morse
functions on Σ such that h0 = f |Σ and each ht has distinct critical values in the interval (0, 1).
Then there is a path ft such that each ft ∈Mnice(W,Σ;ht) and f0 = f .
Proof. The proof is similar to the proof of Lemma 11.14. Using the techniques of that lemma,
we can find smooth isotopies φt : R → R and ψt : Σ → Σ, such that ψt is fixed on ∂Σ such that
ht = φt ◦ h0 ◦ ψ−1t . Furthermore, since ht has no critical values in [1, 2], we can take φt to be the
identity on [1, 2]. One simply extends ψt to a smooth isotopy Ψt : W → W , in such a way that
Ψt is fixed on ∂W , and is the identity on all of the critical points of f |W\Σ. We define the path
ft := φt ◦ f0 ◦Ψ−1t . 
Lemma 11.16. Suppose that (W,Σ) is a link cobordism, (ht)t∈[0,1] : Σ → R is a smooth path of
Morse functions which have only index 1 critical points, and f ∈ Mnice(W,Σ;h0) is a nice Morse
function. After modifying the path ht slightly near each critical value switch, there is a smooth family
of Morse functions ft such that ft ∈Mnice(W,Σ;ht), except at finitely many t, where a critical value
switch between two critical points in Crit(ht) occurs.
Proof. Since the path ht is Morse for all t, and has only index 1 critical points, we can perturb ht
slightly so that there are only finitely many times t when the critical points of ht do not have distinct
critical values. By modifying ht slightly, we can subdivide [0, 1] by picking finitely many points of
time 0 = t0 < t1 < · · · < tn = 1 such that on each interval [ti, ti+1] there is at most one critical
value switch. Note that Lemma 11.15 handled the case that there are no critical value switches of
ht on [ti, ti+1]. Hence it is sufficient to prove the lemma statement for each subinterval [ti, ti+1]
individually.
We now consider the claim in the case that [ti, ti+1] contains a single critical value switch. On the
interval [ti, ti+1], we will describe how to modify the path ht so that it satisfies a simple standard
model. Let us renormalize the interval [ti, ti−1] to be [−1, 1]. Cerf [Cer70, pg. 41] describes standard
models for critical value switches which he calls chemin descendant standard and chemin ascendant
standard. We describe a slight modification of Cerf’s construction. Suppose ht is a path of Morse
functions on Σ which has distinct critical values except at t = 0, where two critical points, p and p′,
are involved in a critical value switch. Assume that h−1(p) > h−1(p′) while h1(p) < h1(p′). Let us
pick a bump function ωˆ which is supported in a small neighborhood of p and p′ such that ωˆ ≡ +1
near p and ωˆ ≡ −1 near p′.
We now describe how to modify the path ht so that for t in a neighborhood of 0, the path ht has
a very simple local form. Fix a small  > 0, and replace (ht)t∈[−1,1] with the concatenation of the
following five paths of Morse functions:
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(1) The path (h−1 + tωˆ)t∈[0,] from h−1 to h−1 + ωˆ.
(2) The path (ht + ωˆ)t∈[−1,0] from h−1 + ωˆ to h0 + ωˆ.
(3) The path (h0 − tωˆ)t∈[−1,1] from h0 + ωˆ to h0 − ωˆ.
(4) The path (ht − ωˆ)t∈[0,1] from h0 − ωˆ to h−1 − ωˆ.
(5) The path (h1 + tωˆ)t∈[−,0] from h1 − ωˆ to h1.
Note that paths (1), (2), (4) and (5) have distinct critical values, and hence Lemma 11.15 applies
to those paths. It remains to prove the claim for path (3). To extend the path (h0 − tωˆ)t∈[−1,1] to
all of W , given an extension f−1 for t = −1 we simply extend the map ωˆ to a small neighborhood
of p and p′ in W , and then use the formula ft = f−1 − (t + 1)ωˆ. We note that except for p and
p′, the critical points of f−1 and their critical values are unchanged by this procedure. Hence if
f−1 ∈ Mnice(W,Σ;h−1) then ft ∈ Mnice(W,Σ;ht), except at t = 0, where a critical value switch
occurs. 
11.5. Morse functions which respect the dividing set. Since we cannot define link Floer
homology when a link component has no basepoints, we need to consider Morse functions which
satisfy some extra compatibility requirements requirements with respect to the dividing set A.
Definition 11.17. Suppose that (W,F) is a decorated link cobordism, with F = (Σ,A). If f : W →
[0, 2] is a Morse function in Mnice(W,Σ), we say f is A-compatible if the following hold:
(1) Each component of f |−1Σ (t) intersects A non-trivially for each t.
(2) f |A is Morse.
(3) All critical points of f and f |A have distinct values.
(4) All of the critical values of f |A are contained in the interval [0, 1].
We write MniceA (W,Σ) for the set ofA-compatible, nice Morse functions. If h is a fixed Morse function
on Σ with only index 1 critical points, we write MniceA (W,Σ;h) for the elements of M
nice
A (W,Σ) which
restrict to h on Σ.
Lemma 11.18. Suppose that f0, f1 ∈MniceA (W,Σ). Then there is a path ft : W → [0, 2] of smooth
functions which are in MniceA (W,Σ) except for finitely many t, where one of the following occurs:
(1) An index 1/2 or 2/3 birth-death singularity occurs between two critical points in W \Σ, with
critical values contained in the interval (1, 2).
(2) A critical value switch occurs between two critical points of f |W\Σ of the same index, or
between two critical points of f |Σ.
(3) An index 0/1 birth-death singularity of ft|A occurs along A.
(4) A critical value switch occurs between two critical points of ft|A.
(5) A critical value switch occurs between a critical point of ft|A and a critical point of ft|Σ.
(6) A critical point of ft|Σ crosses an arc of A, transversely.
Proof. First we claim that is sufficient to construct a path of Morse functions ht : Σ→ [0, 2] between
f0|Σ and f1|Σ, with critical values in [0, 1], such that ht and ht|A have distinct critical values for all
but finitely many t, where one of the singularities (3), (4), (5) and (6) can occur, and such that each
component of h−1t (s) intersects A non-trivially. If we have such a path, Lemma 11.15 allows us to
extend this to a path fˆt from f0 to some other Morse function fˆ1 ∈Mnice(W,Σ; f1|Σ). Lemma 11.12,
then allows us to connect fˆ1 and f1 via a path of functions which is fixed on Σ, and which are nice
at all but finitely t, where one of singularities (1) and (2) may occur.
Hence, it is sufficient to construct a suitable path ht : Σ → [0, 2]. We can construct a path ht
which potentially has index 0/1 or index 1/2 birth-death singularities, however standard Morse
theory techniques allow us to reduce to the case that there are no index 0 or index 2 critical points
throughout (note that by assumption f0|Σ and f1|Σ have none). It follows that we can construct a
path ht which is Morse for all t. Via a generic perturbation, we can assume that all of the critical
values of ht and ht|A are all distinct, except at finitely many t where one of the singularities (3),
(4), (5) or (6) occurs. However, we still need to reason that we can pick a path ht such that each
connected component of h−1t (s) intersects A non-trivially, for all t and s.
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To demonstrate that we can construct ht so that each component of h
−1
t (s) intersects A non-
trivially, we argue as follows. First, pick any path ht, which has only singularities of type (3), (4),
(5) and (6). Since each ht has only index 1 critical points, each component of each h
−1
t (s) represents
a non-zero class in H1(Σ;Z). Hence we can pick a collection of arcs E in Σ, with boundary on ∂Σ,
such that each component of h−1t (s) intersects an arc in E non-trivially. We isotope the boundaries
of the curves in E so that each arc in E intersects the interior of an arc in A. Let E0 denote the
collection of arcs in int(Σ) obtained by removing a small portion of the boundary of each arc in E.
Let φt be an isotopy of the surface Σ, which is fixed on ∂Σ and is supported in a neighborhood of
E0. By picking φt appropriately (e.g. viewing a neighborhood of each component of E0 as a disk,
and having φt rotate these disks), we can arrange that φt(A) intersects each component of each level
set of h0 and h1, and also that φ1(A) intersects each component of each level set of each ht. We
then consider the path h′t defined by concatenating the three paths (h0 ◦ φt)t∈[0,1], (ht ◦ φ1)t∈[0,1]
and (h1 ◦ φ1−t)t∈[0,1]. 
11.6. Morse functions and parametrized Kirby decompositions. We now describe how a
Morse function on a decorated link cobordism gives a parametrized Kirby decomposition, well-
defined up to Cerf equivalence.
Definition 11.19. Suppose that (W,F) is a decorated link cobordism with F = (Σ,A) and f : W →
[0, 2] is a Morse function with a collection of regular values b ⊆ [0, 2]. Let us write b = {b0, . . . , bn+1}
with 0 = b0 < b1 < · · · < bn < bn+1 = 2. We define
Wi := f
−1([bi, bi+1]) and Σi := Σ ∩Wi.
We say that (f,b) is Kirby-type Morse data if f ∈MniceA (W,Σ), and on each (Wi,Σi), exactly one
of the following holds:
(1) f and f |A have no critical points.
(2) f has a single critical point, which is of index 1 or 3 and occurs in Wi \ Σi. Furthermore
f |A has no critical points.
(3) f has (arbitrarily many) critical points, all of which are index 2 and are in Wi \ Σi. Fur-
thermore f |A has no critical points.
(4) f has a single critical point, which is of index 1 and occurs in Σi. Furthermore f |A has no
critical points.
(5) f has no critical points. Furthermore f |A has a single critical point.
Furthermore, we assume only one Wi contains any index 2 critical points.
If (W,F) is a decorated link cobordism and (f,b) is a collection of Kirby-type Morse data we now
describe how to construct a parametrized Kirby decomposition
K(f,b).
In Lemma 11.20, below, we show that K(f,b) is well-defined up to Cerf equivalence. Let us write
Yi = f
−1(bi), Li = Yi ∩ Σ, Ai = Σi ∩ A and Fi = (Σi,Ai).
We note that, except for the lack of parametrization, each (Wi,Fi) satisfies the definition of an
elementary link cobordism (Definition 10.3). Furthermore, each (Wi,Fi) is equipped with a Morse
function fi := f |Wi , whose restriction to Σi and Ai is also Morse. To construct a parametrized Kirby
decomposition, we need to construct framed spheres Si ⊆ Yi as well as parametrizing diffeomorphisms
Φi : W(Yi, Li,Si)→ (Wi,Σi).
Suppose first that the Morse function fi on (Wi,Σi) has no critical points. We set Si = S∅, we
pick a vector field vi on Wi such that vi(fi) > 0 and vi|Σ is tangent to Σ. The flow of vi (suitably
normalized) gives a parameterizing diffeomorphism
Φi : ([0, 1]× Yi, [0, 1]× Li)→ (Wi,Σi).
Also note that the space of such vector fields is connected, so any two parametrizations Φi, made in
this way, are isotopic relative to {0} × Yi. The parametrized cobordism (Wi,Fi,Φi,S∅) is then an
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elementary parametrized cobordism of type (EPC-1) or (EPC-2), depending on whether fi|A has a
critical point or not.
Now suppose that fi|Wi\Σi has a single index 1 or index 3 critical point, or arbitrarily many
index 2 critical points. We will construct a framed sphere or link Si ⊆ Yi and a parameterizing
diffeomorphism Φi which turns (Wi,Fi) into an elementary parametrized cobordism of type (EPC-
4). Suppose first that fi has a single critical point of index 1, 2 or 3. A gradient-like vector field
vi such that vi|Σ is tangent to Σ, as well as a choice of local coordinates in a neighborhood of the
critical point give a well-defined parametrization, as we now describe. Our description is based on
[Pal63, Section 11] and [Juh15, Section 2.3.1].
Write p for the critical point of fi, and write for k ∈ {1, 2, 3} for the index of p. We assume
p ∈ Wi \ Σi. We first consider the case that p is the only critical point of fi. For notational
convenience, we will describe the handle attachment procedure for arbitrary ambient dimension n
(though we only need the case that n = 2 or n = 4). Pick coordinates ~x = (x1, . . . , xn) near p such
that f = f(p) − (x21 + · · · + x2k) + (x2k+1 + · · · + x2n). We assume that the gradient-like vector field
vi satisfies
vi = 2
(
−x1 ∂
∂x1
− · · · − xk ∂
∂xk
+ xk+1
∂
∂xk+1
+ · · ·+ xn ∂
∂xn
)
near p. The descending manifold is equal to {(x1, . . . xk, 0, . . . , 0)} and the ascending manifold is
{(0, . . . , 0, xk+1, . . . , xn)}. Fix a small  > 0, such that the ball of radius 2 is contained in the image
of the coordinates ~x.
We pick a smooth function λ : R→ R which has λ′(t) ≤ 0 and satisfies λ(t) = 1 for t ≤ 12 , λ(t) > 0
if t < 1 and λ(t) = 0 if t ≥ 1. Notice that the space of such functions λ is convex. Consider the
function g : Wi → [bi, bi+1] defined by
g := fi − 3
2
λ
(
x2k+1 + · · ·+ x2n

)
.
Note that
f−1i ([bi, c− ]) ⊆ g−1([bi, c− ]).
Define the subset
H := g−1([bi, c− ]) \ f−1i ([bi, c− ]) ⊆Wi.
According to [Pal63, pg. 316], H is homeomorphic to Dk ×Dn−k, via a homeomorphism which can
be canonically specified in terms of λ,  and ~x (we omit the explicit formula for the homeomorphism,
since it is rather complicated and not important for our purposes). Furthermore this homeomorphism
restricts to a diffeomorphism on (intDk) × Dn−k, and also restricts to a smooth embedding of
Sk−1×Dn−k into f−1i (c− ), which is a framed k-sphere in f−1i (c− ). The normalized gradient-like
vector field, vi/vi(fi), induces a well-defined diffeomorphism between [0, 1]× Yi and f−1i ([bi, c− ]).
The framed k-sphere in f−1i ([bi, c − ]) thus naturally induces a framed k-sphere Si in {0} × Yi,
by using this identification. The homeomorphism of H with Dk × Dn−k described above thus
yields a diffeomorphism of ([0, 1] × Yi) ∪Si (Dk × Dn−k) with g−1([bi, c − ]), where the smooth
structure on the former space is obtained by attaching the handle and then smoothing corners. By
[Pal63, pg. 319], the gradient-like vector field vi is transverse to the level sets of g, except at the
single critical point p of g (which is also the critical point of fi). Hence by flowing along vi, the
subset f−1i ([bi, bi+1]) \ g−1([bi, c − ]) is diffeomorphic to [0, 1] × g−1(c − ), via a diffeomorphism
which is uniquely specified up to isotopy, relative to g−1(c − ). By picking a collar neighborhood
of g−1(c − ) in g−1([bi, c − ]) induced by the flow of vi, we obtain a diffeomorphism Φi between
([0, 1]× Yi)∪Si (Dk ×Dn−k) and Wi which is determined up to isotopies fixing {0}× Yi. Since vi is
tangent to Σi, the map Φi sends [0, 1]×Li to Σi, and is hence a parametrization of link cobordisms.
Note that even for a fixed gradient-like vector field and coordinates near p, the construction still
relies on a choice of  and λ, though the space of such λ is convex, so any two choices yield framed
spheres which are isotopic away from Li, which are related by Move (2).
In the case that (Wi,Fi) is an elementary cobordism with multiple index 2 critical points, we
can still use the above strategy to construct a parametrization Φi : W(Yi, Li,Si) → (Wi,Σi). The
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space of gradient-like vector fields for fi is still connected. A generic gradient-like vector field will
have ascending and descending manifolds of the critical points which are transverse, and hence
generically the intersection of the ascending and descending manifolds of two index 2 critical points
will be empty, allowing us to perform the above construction whenever the choice of gradient-like
vector field is generic (paths of gradient-like vector fields may of course result in handleslides, as we
discuss in the following lemma).
We lastly consider cobordisms of type (EPC-3), where the critical point p is of index 1, and p ∈ Σi.
In this case, we pick a gradient-like vector field vi and oriented coordinates ~x = (x, y, w, z), defined
in a neighborhood U containing the critical point p, such that
fi = fi(p)−x2+y2+w2+z2, ~x(U∩Σ) ⊆ {(x, y, 0, 0)} and vi = 2
(
−x ∂∂x + y ∂∂y + w ∂∂w + z ∂∂z
)
.
The space of such coordinates, which are oriented for both W and Σ, has two connected components
by Lemma 11.7. Using one of these two sets of coordinates, we can now adapt the construction
defined above for critical points in Wi \Σi. In this case, using the function g constructed above, we
obtain a diffeomorphism Φi between Wi and ([0, 1]× Yi)∪H ∪ ([1, 2]× g−1(c+ )). Furthermore H
is canonically identified as D1×D3 by our choice of local coordinates centered at p. Notice that the
local coordinates also identify Σi with a subset of {(x, y, 0, 0)} ⊆ R4. It is straightforward to check
that using this identification, the band region B ⊆ D1 ×D3 defined by B = {(x, y, 0, 0) : −1 ≤ x ≤
1,−1 ≤ y ≤ 1} is mapped into Σi, and the identification also sends (0, 0) ∈ B to the critical point
of f . Hence the map Φi is in fact a parametrization of the link cobordism (Wi,Σi).
The above construction of K(f,b) several choices of auxiliary data, such as a choice of local
coordinates and gradient-like vector field. Nevertheless, we have the following:
Lemma 11.20. If (W,F) is a decorated link cobordism and (f,b) is a collection of Kirby-type Morse
data, then any two choices of gradient-like vector fields and local coordinates yield Cerf equivalent
parametrized Kirby decompositions of (W,F).
Proof. It is sufficient to show the claim when |b| = 2, and (W,F) is an elementary cobordism,
except for the fact that it lacks a parametrization. We first consider the case that (W,F) is of type
(EPC-1) or (EPC-4). We further restrict to the case that the Morse function f has at most one
critical point. Recall that the construction of K(f,b) depended on a choice of  > 0, bump function
λ, local coordinates ~x and gradient-like vector field v.
First, note that changing  or the bump function λ only affects the parametrization up to an
A-adapted isotopy or an isotopy of Si away from Li (Moves (1) and (2)).
If ~x = (x1, x2, x3, x4) is a choice of coordinates in Coorp(U, f), defined in a neighborhood U of p, let
V(W,Σ, ~x, f) denote the space of vector fields v which have the prescribed form in a neighborhood
of p, with respect to ~x, such that v|Σ is tangent to Σ, and v(f) > 0 away from p. The space
V(W,Σ, ~x, f) is convex, and hence connected. It is straightforward to also see that V(W,Σ, ~x, f) is
non-empty. If v1, v2 ∈ V(W,Σ, ~x, f), we can connect them by a path in V(W,Σ, ~x, f), which results
in changing the parametrization by Moves (1) and (2).
Next, suppose ~x0 and ~x1 are two choices of coordinates. By examining the construction, we see
that restricting the domain of a set of coordinates has no effect, provided  is chosen sufficiently
small. Hence, we may assume that ~x0 and ~x1 are defined on the same neighborhood of p. By
Lemma 11.6, the space of local coordinates which put f into standard form has two components,
which can be related by simultaneously reversing the signs of the first and last coordinates. Switching
signs of these coordinates results in Move (5). If ~x0 and ~x1 are homotopic via a path (~xt)t∈[0,1] in
Coorp(U, f), we first pick a v0 ∈ V(W,Σ, ~x0, f). It is straightforward to extend v0 to a path (vt)t∈[0,1]
of vector fields such that vt ∈ V(W,Σ, ~xt, f) for all t ∈ [0, 1]. Hence, changing from ~x0 to ~x1 results
in an A-admissible isotopy and an isotopy of the framed sphere away from Li (Moves (1) and (2)).
We now consider the case that (W,F) is of type (EPC-4) but f has multiple index 2 critical points.
In this case, if ~x is a choice of coordinates on a neighborhood of all of the critical points, then the
descending and ascending manifolds of a generic v ∈ V(W,Σ, ~x, f) will be transverse, and hence
disjoint. For a generic path of vector fields in V(W,Σ, ~x, f), there will be finitely many points of
time when there is a single flow line between two critical points of f . At such a point of time, a
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handleslide of one of the framed 1-spheres occurs, which results in Move (9). Over the course of time
when the path of gradient-like vector fields have no flow lines amongst each other, the associated
parametrized Kirby decompositions are related to each other by a sequence of Moves (1) and (2).
Finally, we note that the case when (W,F) is of type (EPC-3) (a framed 0-spheres along L) can
be handled similarly to the case of framed 0-spheres away from L, except we use Lemma 11.7 to
connect two coordinate charts defined in a neighborhood of p. 
Lemma 11.21. Given a parametrized Kirby decomposition K of (W,F), one can find Kirby-type
Morse data (f,b) for (W,F) such that
K = K(f,b).
Proof. One can modify the construction from [Juh15, Lemma 2.14] to get a Morse function on each
elementary cobordism which induces the correct parametrization for a choice of gradient-like vector
field. By modifying the Morse functions near the boundary, one can ensure that they glue together
to form a smooth function on all of W . 
11.7. Proof of Theorem 11.5. We now have the tools to prove that all parametrized Kirby de-
compositions of a decorated link cobordism (W,F) are Cerf equivalent:
Proof of Theorem 11.5. Suppose K0 and K1 are two parametrized Kirby decompositions of (W,F).
We use Lemma 11.21 to find Morse functions f0, f1 ∈ MniceA (W,Σ), together with collections of
regular values, b0,b1 ⊆ [0, 2], choices of local coordinates centered at the critical points and gradient-
like vector fields so that
K0 = K(f0,b0), and K1 = K(f1,b1).
Using Lemma 11.18, we can find a path (ft)t∈[0,1] between f0 and f1 such that ft ∈MniceA (W,Σ) for
all but finitely many t, where one of the six singularities listed in Lemma 11.18 occurs. Let us write
0 < t1 < · · · < tn < 1 for the points in [0, 1] where a listed singularity occurs.
For all t ∈ [0, 1] \ {t1, . . . , tn}, the function ft is in MniceA (W,Σ), and hence on any interval [a, b]
not containing a point in {t1, . . . , tn} we can construct a set of regular values bt so that (ft,bt) is
Kirby-type Morse data. Furthermore, by picking local coordinates and gradient-like vector fields,
we can construct parametrized Kirby decomposition K(ft,bt). Outside of small neighborhoods of
the ti, we can assume that the values bt vary continuously in t.
Suppose first that [a, b] is an interval such that ft ∈ MniceA (W,Σ) for all t ∈ [a, b]. Since in
particular ft has no 4-dimensional critical point birth-deaths or critical point value switches, then
by Lemma 11.14, we can find isotopies φt : [0, 2] → [0, 2] and ψt : (W,Σ) → (W,Σ), both ranging
over t ∈ [a, b], with φa = id, ψa = id and ψ|∂W = id∂W for all t, such that
(52) ft = φt ◦ fa ◦ ψ−1t .
In particular, given a choice of ba, we can take the parametrized Kirby decomposition K(fa,ba), and
push it forward along the diffeomorphism ψt to get a parametrized decomposition (of undecorated
link cobordisms) (ψb)∗K(fa,ba), which is the same as K(fb, φt(ba)) by Equation (52). Since ft ∈
MniceA (W,Σ) for t ∈ [a, b], it follows that all of the critical values of ft|A and ft are distinct for
each t ∈ [a, b], and hence each term in the decomposition (ψt)∗(K(fa,ba)) = K(fa ◦ ψ−1t ,ba) will
be an elementary parametrized cobordism, and hence K(fa,ba) and K(φ−1b ◦ fb,ba) differ by an
A-adapted isotopy (Move (1)). Note that K(φ−1b ◦ fb,ba) is the same as K(fb, φb(ba)). The regular
values φb(ba) can be changed to bb by a sequence of applications of Move (4), to add and remove
trivial cylinders. Hence K(fa,ba) and K(fb,bb) are Cerf equivalent.
Next, we suppose that over [a, b] the 4-dimensional critical points of ft all have distinct critical
values, but that there is a single point of time ti ∈ (a, b) where one of the following occurs: a
birth-death singularity of ft|A occurs; a critical value switch occurs between two critical points of
ft|A; a critical value switch occurs between a critical point of ft|A and a critical point of ft|Σ;
or a critical point of ft|Σ crosses an arc of A, transversely. In all three cases, we can still use
Lemma 11.14 to find isotopies φt and ψt of R and (W,Σ) (resp.) such that ft = φt ◦ fa ◦ ψ−1t .
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Using this fact, it is straightforward to see that (after perhaps a small perturbation of the path
ft) the parametrized Kirby decompositions K(fa,ba) and K(fb,bb) differ by Move (10), Move (11),
Move (13) or Move (14).
Finally, we consider the case that [a, b] is an interval of time where ft ∈ MniceA (W,Σ) except for
a single point of time, where an index 1/2 or 2/3 birth-death singularity occurs in W \ Σ, or a
critical value switch occurs between two critical points of ft of the same index. Consider first the
case of a critical point birth-death singularity. Near the point of time ti when the singularity occurs,
by perturbing the path of functions slightly, we can assume that for a small subinterval of time
around the singularity, the path of functions ft is supported in a small ball containing the critical
points, and takes on a simple normal form. The existence of such normal forms is established in
[Cer70] (compare [Juh15, pg. 17]). As such the parametrized Kirby decompositions immediately
preceding and following the singularity may be related by Move (6) or (7). Next we consider the
case of a critical value switch of critical points of the same index. Note that since the ft are nice
Morse functions, if a critical value switch occurs, it either involves critical points which are both in
W \ Σ, or critical points which are both on Σ. As with critical point cancellations, by perturbing
the path ft slightly, we can assume that in a small interval of time around the singularity that ft
is constant outside of a neighborhood of the two critical points, and inside of the neighborhood, it
takes on a simple normal form (see the proof of Lemma 11.16). If the two critical points are in
W \ Σ, then K(fa,ba) and K(fb,bb) can be taken to be equal if the two critical points have index
2, and are otherwise related by Move (8) if the two critical points are of index 1 or 3. Similarly if
the two critical points involved in the switch are contained in Σ, then they are both of index 1, and
K(fa,ba) and K(fb,bb) are related by Move (8). 
We make an additional remark about Move (14), where a critical point of Σ crosses A. It is
easier to visualize the move in terms of the dividing set changing, with a fixed Morse function on
(W,Σ) (these two viewpoints are related by Lemma 11.14). In this case, we can view a subarc
of A (containing a critical point of ft|A) as being pushed through the critical point of ft|Σ. We
demonstrate this pictorially in Figure 11.1. See also Figure 12.4, where we prove invariance of the
move.
12. Construction and invariance of the cobordism maps
In this section, we provide a precise construction of the link cobordism maps and prove Theorem A,
invariance.
In Sections 12.1–12.3 we define the maps for elementary parametrized link cobordisms. In Sec-
tion 12.4 we define the maps in the case that each component of W and F intersects a component
of Y1 and Y2 non-trivially, and prove invariance for the maps associated to such cobordisms. In
Section 12.5, we describe how to puncture a link cobordism to introduce additional boundary com-
ponents in order to define the cobordism maps more generally. Finally, we show invariance of the
link cobordism maps under this puncturing procedure, completing the proof of Theorem A.
12.1. Maps induced by elementary parametrized link cobordisms of type (EPC-1) and
(EPC-4). We now consider an elementary parametrized link cobordismW = (W,Fσ,Φ,S) : (Y1,L1)→
(Y2,L2) where S = S∅ (in which case W is of type (EPC-1)), or where S is a framed 0-sphere, 1-
dimensional link or 2-sphere which does not intersect L1 (in which case W is of type (EPC-4)). In
both cases, the dividing set is a collection of arcs from L1 to L2 and the underlying surface of F is
a disjoint union of annuli.
Define a dividing set A0 ⊆ [0, 1]× L1 by the formula
A0 := Φ−1(A).
Note that A0 is isotopic relative to {0, 1}×L1 to a dividing set, A′0, which is transverse to {t}×L1,
for each t ∈ [0, 1]. The dividing set A′0 on [0, 1] × L1 induces an isotopy ψ0t : [0, 1] × L1 → L1 such
that {t}×ψ0t (w1 ∪ z1) is disjoint from A′0 for all t, and ψ01(w1 ∪ z1) = Φ−1(w2 ∪ z2). Extend ψ0t to
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Wi+1
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W ′i+1
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Figure 11.1. A local model for Move (14). In the picture, we view the Morse
function as being fixed, while the dividing set is changed by an isotopy. The thick
solid lines indicate A, while the dashed lines indicate the level sets of ft, and the
thin solid lines with arrows are upward gradient flowlines of ft. On the bottom, we
indicate the change in associated parametrized Kirby decomposition described in
the definition of the move. The dotted lines correspond to level sets of the Morse
function.
an isotopy ψt of the pair (Y1, L1) and define ψ := ψ1. We define
FW,Fσ,Φ,S,s := (Φ|Y1(S))∗FY1,L1,S,Φ−1(s)ψ∗.
We need to show the above expression is invariant under the choice of isotopic A′0, as well as invariant
under isotopies of Φ, relative to {0} × Y1. The following definition will be useful:
Definition 12.1. Suppose that A is a dividing set on [0, 1]×L. We say that A is admissible if each
arc of A which goes from {0} × L to {1} × L is transverse to {s} × L for each s ∈ [0, 1]. If At is a
1-parameter family of dividing sets on [0, 1]×L, which is fixed pointwise on {0, 1} ×L, we say that
At is an admissible isotopy if each At is admissible.
We state the following simple lemma about admissible isotopies, which will also be helpful later
in Section 12.2.
Lemma 12.2. Suppose A1 and A2 are two admissible dividing sets on [0, 1]×L, which are isotopic
relative to {0, 1} × L. Then A1 and A2 are admissibly isotopic relative to {0, 1} × L.
Proof. For notational simplicity, assume that L has only one component. Note that if an arc A of
A1 goes from {0} × L to {0} × L, then it bounds a bigon, which can only contain other arcs of A1
which go from {0} × L to {0} × L. Hence such arcs may be isotoped very close to {0} × L without
moving any arcs which go from {0} × L to {1} × L. Hence we may reduce to the case that no arcs
go from {0} × L to {0} × L. We can similarly reduce to the case that there are also no arcs which
go from {1} × L to {1} × L.
In the case that A1 and A2 have the same endpoints, and both only have arcs going from {0}×L
to {1}×L, it is straightforward to see that A1 and A2 are admissibly isotopic if and only if whenever
A1 and A2 are arcs in A1 and A2 (resp.) which have the same endpoints, we have
#(A1 ∩ ([0, 1]× {p})) = #(A2 ∩ ([0, 1]× {p}))
for any p ∈ L which is not the endpoint of an arc on either end. The algebraic intersection number
of an arc with [0, 1] × {p} is unchanged by arbitrary isotopies which fix {0, 1} × L, and hence two
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dividing sets are isotopic relative to {0, 1} ×L if and only if they are admissibly isotopic relative to
{0, 1} × L. 
Lemma 12.3. Isotopies of the parameterizing diffeomorphism Φ through diffeomorphisms fixing
{0} × Y1 do not affect FW,Fσ,Φ,S,s for type (EPC-1) and (EPC-4) elementary cobordisms.
Proof. Isotopies of Φ which fix Σ pointwise have no effect on the cobordism map. Similarly isotopies
of Φ which are supported only in a neighborhood of Σ, but which fix {1} × L1 only affect the
composition by isotoping the pullback of the dividing set, relative to {0, 1}×L1, and hence possibly
changing the map ψ∗. By Lemma 12.2, such an isotopy of the dividing set can be taken to be an
admissible isotopy, which clearly has no effect (since the resulting ψ is unchanged). It remains to just
check the effect of isotopies supported in a neighborhood of {1}×L1. If τ denotes a diffeomorphism
which twists a neighborhood of {1} × L1, then precomposing Φ with τ changes (Φ|{1}×Y1)∗ to
(Φ|{1}×Y1)∗(τ∗) but also changes ψ∗ to (τ−1)∗(ψ∗) (since the pullback under Φ of the dividing set
changes). Since (τ−1)∗ commutes with FY1,L1,S,Φ−1(s), as τ does not move the framed sphere S, the
factors of (τ)∗ and (τ−1)∗ cancel and the composition is unchanged. 
12.2. Maps induced by elementary parametrized link cobordisms of type (EPC-2). Sup-
pose (W,Fσ,Φ,S) : (Y1,L1)→ (Y2,L2) is a parametrized link cobordism of type (EPC-2). As before,
we write
A0 = Φ−1(A).
Recall that there are four subtypes of elementary cobordisms of type (EPC-2), which we denote
by S+, S−, T+, and T−. These are shown in Figure 12.1.
Subtype-(S+): Subtype-(S−):
Subtype-(T+): Subtype-(T−):
Figure 12.1. The four subtypes of elementary cobordisms of type (EPC-2).
12.2.1. Type S+ elementary cobordisms. Suppose (W,Fσ,Φ,S∅) : (Y1,L1)→ (Y2,L2) is an elemen-
tary parametrized cobordism of type (EPC-2S+).
There is a single z-region of ([0, 1]×L1) \A0 which has three basepoints on its boundary. In this
region, let z0 ∈ {0} × L1 be the basepoint on the incoming boundary, and let z, z′ ∈ {1} × L1 be
the two basepoints on the outgoing boundary. Let w ∈ {1}×L1 be the basepoint between z and z′.
Suppose the basepoints are ordered (z′, w, z), read right to left. By a slight abuse of notation, let us
also write z′, w and z for images of z′, w and z under the projection map
pi : [0, 1]× Y1 → Y1.
We perform an isotopy of the dividing set A0, relative to {0, 1} × L1 to obtain an admissible
dividing set A′0 on [0, 1] × L1 (i.e. all arcs going from {0} × L1 to {1} × L1 are transverse to
the sets {t} × L1). There are two self-diffeomorphisms ψ and ψ′ of the pair (Y1, L1) obtained by
twisting the link L1 according to the dividing set A′0, and requiring w1 ∪ z1 be mapped to a subset
of pi(Φ−1(w2 ∪ z2)).
We pick ψ and ψ′ to satisfy
ψ(z0) = z
′ and ψ′(z0) = z.
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Using Lemma 12.2, we see that the diffeomorphisms ψ and ψ′ are each independent (up to post-
composition by an isotopy fixing the basepoints) of the choice of admissible A′0 which is isotopic to
A0.
We now define two maps:
FW,Fσ,Φ,S∅,s := (Φ|{1}×Y1)∗S+w,zψ∗ and F ′W,Fσ,Φ,S∅,s := (Φ|{1}×Y1)∗S+z′,wψ′∗.
Note that there is no canonical reason to choose one map over the other, since we have to choose
which of z and z′ we want to identify z0 with. However an application of Lemma 4.23 shows that
the two maps are chain homotopic, so we denote the common map by FW,Fσ,Φ,S∅,s.
12.2.2. Type S− elementary cobordisms. Suppose (W,Fσ,Φ,S∅) is of type (EPC-2S−). There is a
single region with three z-basepoints, two of which are on the incoming end, and one of which is on
the outgoing end. Suppose that z and z′ are the basepoints on (L1,w1, z1) which are in the same
region of ([0, 1] × L1) \ A0, and let w be the basepoint between them. There is another basepoint,
z0 ∈ Φ−1(w2 ∪ z2), which is in the same region of ([0, 1] × L1) \ A0 as z and z′. Assume that the
ordering of these basepoints is (z′, w, z), read right to left. Let us write z0 also for the image of z0
under pi.
As with elementary cylindrical cobordisms of type (EPC-2S+), the dividing set A0 = Φ−1(A)
determines two well-defined diffeomorphisms ψ and ψ′ of (Y1, L1), each coming from twisting L1
according to the dividing set, and requiring that either (w1 ∪ z1) \ {w, z} or (w1 ∪ z1) \ {z′, w} be
mapped to w2 ∪ z2. We pick ψ and ψ′ so that
ψ(z′) = z0 and ψ′(z) = z0.
We then define two maps:
FW,Fσ,Φ,S∅,s = (Φ|{1}×Y1)∗ψ∗S−w,z, and F ′W,Fσ,Φ,S∅,s = (Φ|{1}×Y1)∗ψ′∗S−z′,w.
By Lemma 4.23, these two maps are filtered chain homotopic, so we denote the common map by
FW,Fσ,Φ,S∅,s.
12.2.3. Type T+ elementary cobordisms. Suppose (W,Fσ,Φ,S∅) is of type (EPC-2T+). In the region
of ([0, 1] × L1) \ A0 which has three w-basepoints, let w0 be the basepoint on {0} × L1, and let w
and w′ be the basepoints on {1} × L1. Let z denote the basepoint between w and w′. Assume that
on {0} × L1, the basepoints are ordered (w, z, w′), read right to left. By abuse of notation, we also
write w, z and w′ for the images of w, z and w′ under the map pi : [0, 1]× Y1 → Y1.
Using Lemma 12.2, the dividing set A0 determines two diffeomorphisms of (Y1, L1), ψ and ψ′,
corresponding to twisting a link component as prescribed by the divides, and matching up the
basepoints. Assume that
ψ(w0) = w
′ and ψ′(w0) = w.
We define two maps:
FW,Fσ,Φ,S∅,s := (Φ|{1}×Y1)∗T+w,zψ∗ and F ′W,Fσ,Φ,S∅,s := (Φ|{1}×Y1)∗T+z,w′ψ′∗.
By Lemma 4.24, these two maps are filtered chain homotopic, so we denote the common map by
FW,Fσ,Φ,S∅,s.
12.2.4. Type T− elementary cobordisms. Finally, suppose (W,Fσ,Φ,S∅) is of type (EPC-2T−). In
the region of ([0, 1]×L1)\A0 which has three w-basepoints, let w0 be the basepoint on {1}×L1, and
let w and w′ be the basepoints on {0} × L1, in this region. Let z denote the basepoint between w
and w′, and suppose that the basepoints are ordered (w, z, w′), read right to left. Using Lemma 12.2,
the divides A0 determine two diffeomorphisms, ψ and ψ′, of (Y1, L1) corresponding to twisting L1,
as prescribed by the divides. Assume that
ψ(w′) = w0 and ψ′(w) = w0.
We define two maps:
FW,Fσ,Φ,S∅,s := (Φ|{1}×Y1)∗ψ∗T−w,z and F ′W,Fσ,Φ,S∅,s := (Φ|{1}×Y1)∗ψ′∗T−z,w′ .
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By Lemma 4.24, these two maps are filtered chain homotopic, so we denote the common map by
FW,Fσ,Φ,S∅,s.
Adapting Lemma 12.3 immediately yields the following:
Lemma 12.4. Isotopies of the parameterizing diffeomorphism Φ through diffeomorphisms fixing
{0}×Y1, do not affect the maps FW,Fσ,Φ,S∅,s for elementary parametrized cobordisms of type (EPC-
2).
Proof. This follows similarly to Lemma 12.3, using Lemma 12.2. 
12.3. Maps induced by elementary parametrized link cobordisms of type (EPC-3). Sup-
pose that (W,Fσ,Φ,S0) is an elementary cobordism of type (EPC-3) from (Y1,L1) to (Y2,L2). Here
S0 is a framed 0-sphere in Y1, which intersects L1 along two arcs.
Recall that we constructed a surface
Σ(L1,S0) = ([0, 1]× L1) ∪B ∪ ([1, 2]× L1(S0)) ⊆W (Y1,S0),
which is diffeomorphic to a disjoint union of a pair-of-pants together with some cylinders. The subset
B is identified with [−1, 1]× [−1, 1]. Define the embedded 1-complex
L = ({1} × L) ∩ ({1} × L(S0)) ⊆ Σ(L1,S0),
which can think of as a subset the critical level set of a Morse function on Σ(L1,S0), with a single
index 1 critical point on the band.
The parameterizing diffeomorphism
Φ: W(Y1, L1,S0)→ (W,Fσ)
is assumed to have the property that Φ−1(A) does not intersect the band region B ⊆ Σ(L1,S0).
Furthermore, the dividing set A consists entirely of arcs going from the incoming boundary to the
outgoing boundary. We note that the dividing set Φ−1(A) could wind many times around the
annular subsets of Σ(L1,S0) identified with [0, 1]× L1 or [1, 2]× L1(S0).
In analogy with Definition 12.1, we make the following definition:
Definition 12.5. Suppose A is a dividing set on Σ(L,S0), such that all arcs go from the incoming
boundary to the outgoing boundary. We say A is admissible if no arcs intersect B, and all arcs
intersect L transversely at a single point. If At is a 1-parameter family of dividing sets on Σ(L1,S0)
which are fixed on the {0} × L and {2} × L(S0), then we say At is an admissible isotopy if At is
admissible for all t.
Lemma 12.6. Suppose that A1 and A2 are admissible dividing sets on Σ(L1,S0). If A1 and A2
are isotopic through dividing sets fixed on {0} × L1 and {2} × L1(S0) and not intersecting the point
(0, 0) ∈ B, then A1 and A2 are admissibly isotopic.
Proof. On any component of Σ(L1,S0) which does not intersect B, the claim is obvious, so suppose
without loss of generality that L1 is a one (resp. two) component link which is separated (resp.
joined) by the band B. Suppose for definiteness, that L1 is a two component link which is joined by
B. The case that L1 is a one component link which is separated by the band follows by turning the
picture upside down.
Let p−, p+ ∈ L1 denote the two center points of the framed sphere S0. Let C− and C+ be curves
on ([0, 1]×L1)∪B, each consisting of a path on [0, 1]×L1 from a point on ({0}×L1)\Ai, to (p−, 1)
or (p+, 1), respectively, concatenated with one of the arcs [−1, 0]× {0} or [0, 1]× {0}, respectively,
on B. These are shown in Figure 12.2.
Similarly let C ′+ and C
′
− be two similarly defined curves on B ∪ ([1, 2]×L1(S0)) from (0, 0) to two
points on ({2} × L1(S0)) \ Ai.
The admissible isotopy class of the divides A1 and A2 relative {0}×L1∪{2}×L1(S0) is determined
by the ordering that the arcs appear on L, and the intersection numbers of arcs with C−, C+, C ′−,
and C ′+.
The configuration of endpoints of arcs on {1} × L1 is determined by the region of Σ \ A that
the band is in and the order that the arcs appear on {0} × L1. This is unchanged by isotopies of
90 IAN ZEMKE
B
(0, 0)
(p−, 1)
(p+, 1)
C− C+
[0, 1]× L1
Figure 12.2. The region ([0, 1] × L1) ∪ B ⊆ Σ(L1,S0). The arc C− is the
concatenation of the arc (boldly dotted) on the left component of [0, 1]×L1, together
with the arc [−1, 0]× {0} (lightly dotted) on B. Similarly C+ is the concatenation
of the arc (boldly dotted) on the right component of [0, 1] × L1, together with the
arc [0, 1]× {0} (lightly dotted) on B. The point (0, 0) ∈ B, is marked as well.
Σ(L1,S0) which may not be admissible, but which do not map any arcs to (0, 0). Similarly the
algebraic intersection numbers above are not changed by isotopies of the arcs which fix the ends of
the arcs on {0} × L1 and {2} × L1(S0), and do not map any arcs to (0, 0). The claim follows. 
We now pick basepoints w1.5 ∪ z1.5 on {1} × L1 which make ({1} × L1,w1.5, z1.5) a multi-based
link, and which make the band B either an α-band or a β-band. Note that the type of the band,
either type-w or type-z, is determined by which connected component of Σ(L1,S1)\A0 contains four
basepoints. For a fixed choice of w1.5 and z1.5 there is no ambiguity in whether B is an α-band or a
β-band, but there are two valid choices of basepoints w1.5 and z1.5 which respect the dividing set,
one of which makes B an α-band, and one of which makes B a β-band. For a choice of ξ ∈ {α, β},
write wξ1.5 and z
ξ
1.5 for these basepoints.
Adapting Lemma 12.2, the dividing set A0 restricted to [0, 1]×L1 induces an isotopy ψξ1 of (Y1, L1)
which sends (w1, z1) to (w
ξ
1.5, z
ξ
1.5). Similarly the dividing set A0 restricted to [1, 2]×L1(S0) induces
an isotopy ψξ2 of (Y1(S0), L1(S0)) which sends (w
ξ
1.5, z
ξ
1.5) to (Φ
−1(w2),Φ−1(z2)). We now define
F ξW,Fσ,Φ,S0,s := (Φ|{2}×Y1(S0))∗(ψξ2)∗F oY1,L1,S0,Φ−1(s)(ψξ1)∗.
There is no ambiguity in the choice of o ∈ {w, z}, though ξ can be either α or β, as determined
by the choice of basepoints wξ1.5 and z
ξ
1.5. By Propositions 9.10 and 9.12 we know that the α- and
β-band maps are related by the diffeomorphism resulting from moving basepoints, which is already
encoded into ψξ1 and ψ
ξ
2. From these considerations we conclude that
FαW,Fσ,Φ,S0,s ' F βW,Fσ,Φ,S0,s,
and we denote the common map
FW,Fσ,Φ,S0,s.
We have the following:
Lemma 12.7. For an elementary parametrized cobordism (W,Fσ,Φ,S0) of type (EPC-3), isotopies
of the parametrization Φ which fix {0} × Y1 and do not map the point (0, 0) ∈ B to A do not affect
the map FW,Fσ,Φ,S0,s.
Proof. Isotopies which are fixed pointwise on Σ(L1,S0) clearly have no effect, so we can just consider
isotopies supported in a neighborhood of Σ(L1,S0). By the same argument as in Lemma 12.3, the
maps are independent of isotopies of Φ which are supported in a neighborhood of {2} × L1(S0).
Hence it remains to show that the maps are invariant under isotopies which are supported in a
neighborhood of Σ(L1,S0) and are fixed on {0} × Y1 and {2} × Y1(S0). Suppose Φt is such an
isotopy. Since Φt is fixed on {2} × Y1(S0), the map FW,F,Φt,S0,s only depends on Φt through the
dividing set At := Φ−1t (A) on Σ(L1,S0). By Lemma 12.6, we can assume that A0 and A1 are
admissibly isotopic, i.e., the dividing sets At never pass through the band B, and the curves At
remain transverse to L throughout.
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Such a 1-parameter family At induces an isotopy τt : [0, 1] × L → L which is fixed on ∂L. We
can extend this to a diffeomorphism of both (Y1, L1) and (Y1(S0), L1(S0)) which fixes S0 ⊆ Y1 and
D1 × S2 ⊆ Y1(S0), respectively. We let Z denote an extension of τ1 to all of (Y1, L1), and let ZS0
denote the induced diffeomorphism of (Y1(S0), L1(S0)). The effect of the isotopy Φt is to replace ψ1
with ψ′1 = Z ◦ ψ1 and to replace ψ2 with ψ′2 = ψ2 ◦ (ZS
0
)−1. Since Z fixes im(S0) ⊆ Y1, it follows
that ZS
0
and Z commute with the compound 1-handle/band map F oY1,L1,S0,s. Hence we have
Φ|{2}×Y1(S0)(ψ′2)∗F oY1,L1,S0,s(ψ′1)∗ ' Φ|{2}×Y1(S)(ψ2)∗(ZSi)−1∗ F oY1,L1,S0,sZ∗(ψ1)∗
' Φ|{2}×Y1(S)(ψ2)∗F oY1,L1,S0,s(Z−1)∗Z∗(ψ1)∗ ' Φ|{2}×Y1(S0)(ψ2)∗F oY1,L1,S0,s(ψ1)∗,
showing that the maps are unchanged. 
12.4. Invariance of the cobordism maps from a parametrized Kirby decomposition. If
(W,Fσ) is a link cobordism such that each component of W has a nonempty incoming and outgoing
end, and each component of Σ has a nonempty incoming and outgoing end, we take a parametrized
Kirby decomposition, K, with elementary parametrized cobordisms Wi = (Wi,Fσii ,Φi,Si), and
define the maps
FW,Fσ,s,K =
∏
i
FWi,Fσii ,Φi,Si,s|Wi ,
where the maps FWi,Fσii ,Φi,Si,s|Wi are the maps defined in the previous subsections for elementary
parametrized link cobordisms.
We now prove a slightly weaker version of Theorem A, where each component of W and F
intersects a component of Y1 and Y2 non-trivially. In Section 12.5, where we may have to puncture
the cobordism to introduce new ends, finishing the proof of Theorem A.
Theorem A′. Suppose that (W,Fσ) : (Y1,L1) → (Y2,L2) is a decorated link cobordism and each
component of W and F intersects a component of both Y1 and Y2 non-trivially. The maps FW,Fσ,s,K
are independent of the parametrized Kirby decomposition, K, up to filtered, equivariant chain homo-
topy.
Proof. By Theorem 11.5, it is sufficient to show that the maps FW,Fσ,s,K are equal for Cerf equivalent
parametrized Kirby decompositions. Hence it is sufficient to check invariance from Moves (1)–(14)
from Definition 11.4.
Move (1): We consider A-adapted isotopies (Definition 11.1). First note that if
φ : (W,Σ)→ (W,Σ),
is a diffeomorphism such that φ|Y1 = id, then we can push forward K under φ using Equation (50)
to get a parametrized Kirby decomposition φ∗(K), which is tautologically a parametrized Kirby
decomposition of (W,φ(Fσ)). Tautologically, we have the relation
(53) FW,(Σ,A)σ,s,K ' (φ|−1Y2 )∗FW,(Σ,φ(A))σ,φ∗(s),φ∗(K).
We now consider the case that φ = φ1 for an A-adapted isotopy φt : (W,Σ)→ (W,Σ). Suppose first
that φt is supported in a neighborhood of L2 (i.e. φt just twists Σ near L2). Using the definitions
of the maps for elementary parametrized cobordisms from Sections 12.1–12.3, one easily verifies the
relation
FW,(Σ,φ(A))σ,s,φ∗(K) ' (φ|Y2)∗FW,(Σ,A)σ,s,K.
Combining with Equation (53), we obtain invariance under isotopies φt which are supported in a
neighborhood of L2. Since isotopies of (Y2, L2) which are fixed on L2 induce the identity map, by
naturality, we can reduce to the case that φ1|Y2 = id.
Assuming now that φ1|Y2 = id, Equation (53) reads
FW,(Σ,A)σ,s,K ' FW,(Σ,φ(A))σ,s,φ∗(K).
Recall that our goal is to show that the left side of the above equation is FW,(Σ,A)σ,s,φ∗(K). We
note that by assumption, the 1-parameter family of dividing sets At := φ1−t(A) connects φ(A)
and A. Furthermore, since φt is A-adapted, each of the dividing sets At makes φ∗(K) into a valid
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parametrized Kirby decomposition (i.e. each level of K is an elementary parametrized cobordism
with the dividing set induced by At). Hence it is sufficient to show invariance of the cobordism
maps FW,(Σ,A)σ,s,K under changing A through a 1-parameter family which is fixed on ∂Σ and has
the property that K is a parametrized Kirby decomposition of (W, (Σ,At)σ) for all t. To establish
this fact, note that we can modify the isotopy At so that it decomposes into a sequence of isotopies,
each of which satisfies one of the following:
(1) At is supported in a neighborhood of L = ∂Σi ∩ ∂Σi+1, where Σi denotes the subset of Σ
inside of the level Wi of K.
(2) At is fixed on ∂Σi, for all i.
Isotopies of the first type are easily seen to have no effect, since they change the map associated
to Wi by post-composition by a diffeomorphism map τ∗ for twisting along L, and they change the
map for Wi+1 by pre-composition by (τ−1)∗. These two factors clearly cancel and the overall map
is unchanged. Similarly isotopies of the second kind have no effect, by Lemmas 12.3, 12.4, and 12.7.
Move (2): We now consider replacing an elementary cobordismWi = (Yi, Li,Si) of type (EPC-2)
in K with an elementary parametrized cobordism W ′i = (Yi, Li,S′i), also of type (EPC-2), such that
S′i is related to Si by an isotopy in Yi \ Li. We will omit the subscript i, and the Spinc structures,
for notational simplicity.
Suppose that St is an isotopy of framed sphere in Y \ L, starting at S and ending at S′. We
let dt : (Y, L) → (Y,L) denote an extension of the isotopy St, which is fixed on L, and denote
d := d1 : (Y,L) → (Y,L). Let dS : Y (S) → Y (S′) denote the induced map. We pull back the
dividing set under Φ to the trace link cobordismW(Y, L, S), and define ψ : (Y,L)→ (Y,L) to be the
diffeomorphism induced by twisting along L, according to the dividing set. Recall that Φ = Φ′ ◦D,
where D : W(Y, L, S) → W(Y,L, S′) is the diffeomorphism defined in Move (2). Notice that Φ and
Φ′ can be taken to be equal along [0, 1]×L ⊆ W(Y,L, S), since the isotopy of framed spheres occurs
away from L. By definition we have that
FW,L,S,Φ := (Φ|Y (S))∗FY,L,Sψ∗ and FW,L,S′,Φ′ := (Φ′|Y (S′))∗FY,L,S′ψ∗.
Since Φ = Φ′ ◦D, by definition, we have that
(Φ′|Y (S′))∗dS∗ ' (Φ|Y (S))∗.
By naturality and the well-definedness of the maps for framed spheres, we have
FY,L,S′d∗ ' dS∗FY,L,S.
We note that ψ∗ and d∗ commute, since they are induced by isotopies supported on disjoint subsets
of Y . As a consequence we have that
FW,L,S′,Φ′d∗ ' (Φ′|Y (S′))∗FY,L,S′ψ∗d∗
' (Φ′|Y (S′))∗FY,L,S′d∗ψ∗
' (Φ′|Y (S′))∗dS∗FY,L,Sψ∗
' (Φ|Y (S))∗FY,L,Sψ∗
' FW,L,S,Φ.
Noting that d is a diffeomorphism of Y which is isotopic to the identity relative L, and hence we
conclude that d∗ ' id. Hence
FW,L,S′,Φ′ ' FW,L,S,Φ,
showing the maps to be invariant under this move.
Move (3): We now prove invariance of isotopies of a framed 0-sphere along a link Li. This
follows similarly to Move (2), and is essentially a tautology. Suppose that W = (W,Fσ,S,Φ) is an
elementary parametrized link cobordism of type (EPC-3). Note that the subtype (either w or z) is
unchanged by this move. Let dt be an isotopy of S along L, define d = d1 and let S′ be the image
of S and let Φ′ be the parametrization described in Move (3). Let
ψ1 : (Y, L)→ (Y,L) and ψ2 : (Y (S), L(S))→ (Y (S), L(S))
LINK COBORDISMS AND FUNCTORIALITY IN LINK FLOER HOMOLOGY 93
be the two twisting diffeomorphisms associated to Φ (cf. Subsection 12.3), and let ψ′1 and ψ
′
2 be two
twisting diffeomorphisms associated to Φ′. By definition
FW,Fσ,S,Φ ' (Φ|Y (S)×{2})∗(ψ2)∗F oY,ψ1(L),S(ψ1)∗
and
FW,Fσ,S′,Φ′ ' (Φ′|Y (S)×{2})∗(ψ′2)∗F oY,ψ′1(L),S′(ψ
′
1)∗.
It is easy to see that by construction we have that
(ψ′1)∗ = d∗(ψ1)∗.
Tautologically we have
(dS)−1∗ FY,ψ′1(L),S′d∗ ' FY,ψ1(L),S.
Now also by construction, we have
ψ′2 ' (dS)∗(ψ2)∗(dS)−1∗ .
Finally we note that, by construction
(Φ|Y (S)×{2})∗ ' (Φ′|Y (S′)×{2})∗dS∗.
As a consequence, we see that
FW,Fσ,S′,Φ′ ' (Φ′|Y (S)×{2})∗(ψ′2)∗F oY,ψ′1(L),S′(ψ
′
1)∗ ' (Φ′|Y (S)×{2})∗(dS)∗(ψ2)∗(dS)−1∗ F oY,ψ′1(L),S′d∗(ψ1)∗
' (Φ|Y (S)×{2})∗(ψ2)∗F oY,ψ1(L),S(ψ1)∗ ' FW,Fσ,S,Φ,
completing the proof of invariance under Move (3).
Move (4): Invariance under adding or removing a trivial cylinder is essentially a tautology. The
map induced by a trivial cylinder is a diffeomorphism map, and all of the other maps involve pre-
or post-composition with an analogous diffeomorphism. It is easy to check that combining a trivial
cylinder with another elementary cobordism (from the left or the right) does not affect the maps.
Move (5): We now consider invariance under changing the orientation of the framed sphere S.
We argue in the case of a framed sphere S, attached away from L. The case that S is attached
along L follows from similar considerations. View S as an embedding of Sk × D3−k into Y . Let
σ : R4 → R4 denote the map σ(x, y, w, z) = (−x, y, w,−z). Viewing Sk × D3−k as a subset of
Rk+1 × R3−k, we define S := S ◦ σ. Note that σ induces a map σY : Y (S) → Y (S), as well as
σW : W(Y,L, S)→W(Y,L, S). We have,
σY∗ FY,L,S,s = FY,L,S,σW∗ s,
which follows from the fact that the maps do not depend on a choice of orientation of the Sk factor of
the framed spheres S if k ∈ {0, 1, 2}. Since the parametrizations Φ and Φ′ also differ by composition
with σW , the composed maps are unchanged.
Move (6): Invariance under index 1/2 critical point birth-deaths of f |W\Σ follows from the same
triangle map computation used to prove the analogous result about the closed 3-manifold invariants
[Zem15, Theorem 9.7], which is a slight adaptation of the original argument by Ozsva´th and Szabo´
in [OS06, Lemma 4.16], to handle our slightly different definition of the 1-and 3-handle maps.
Move (7): Invariance under index 2/3 critical point birth-deaths of f |W\Σ follows from [Zem15,
Theorem 9.11]. Note that although generically a framed 2-sphere in Y could intersect the link at
a collection of points, by our construction, any framed 2-sphere appearing in a parametrized Kirby
decomposition does not intersect the link L, which allows us to use the same model computation as
in the case of [Zem15, Theorem 9.11]. Again note that an analogous count of holomorphic triangles
was proven by Ozsva´th and Szabo´ in [OS06, Lemma 4.17].
Move (8): Invariance under critical value switches between two index 1 or two index 3 critical
points of f |W\Σ follows from Lemma 5.4, where we showed that pairs of 1-handle maps or pairs of
3-handle maps commute with each other.
Move (9): Invariance from handleslides amongst the components of a framed 1-dimensional link
follows identically to [OS06, Lemma 4.14]. If (Σ,α′,α,β) is subordinate to an α-bouquet for S1,
and (S1)′ is obtained from S1 via a handleslide, then a triple subordinate to a bouquet for (S1)′
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can be obtained by handlesliding the associated curves in α′ over each other. Invariance from such
handleslide follows using the associativity relations, and a model computation (performed in [OS06]).
Move (10): Invariance from a birth-death singularity of f |A follows from the relations
S−w,zT
+
w,z ' T−w,zS+w,z ' id
proven in Lemma 4.13. This is demonstrated in Figure 12.3.
w z Move (10)
Figure 12.3. Move (10). Invariance from this move can be proven using the
relation T−w,zS
+
w,z ' id, if we view the cobordism as going from bottom to top. If we
view the cobordism as going from top to bottom, we use the relation S−w,zT
+
w,z ' id.
The map induced by the dividing set on the right is the identity map (in either
direction).
Move (11): For a critical value switch of critical points of f |A, there are several possible config-
urations, depending on whether the two type (EPC-2) elementary parametrized cobordisms are of
subtype S+, S−, T+, or T−. The cases where both are of type S+ or S− are handled by Propo-
sition 4.18. The cases where both are of type T+ or T− are covered by Proposition 4.19, and the
cases that one is of type S+ or S− and the other is of type T+ or T− is covered by Proposition 4.20.
It is important to note that in this last case, one does not expect T ◦w,z and S
◦′
w′,z′ to always
commute. Indeed we gave an example in Lemma 4.21 where they did not commute. Proposition 4.20
proved that they commute under some additional hypotheses on the configuration of the basepoints
w, z, w′ and z′. It is easy to check that the requirements on the configuration of basepoints is always
satisfied when the basepoints arise in critical value switch of critical points of f |A where one induces
a type T+ or T− map, and the other induces a type S+ or S− map.
Move (12): We now consider the effect of switching the order of two index 1 critical points on
Σ. The maps associated to critical points of f along Σ are the compound 1-handle/band maps from
Section 7.3. The triangle map computation from Proposition 5.3 implies that the 1-handle maps
commute with the band maps. By Lemma 5.4 the 1-handle maps commute with each other. Thus it
remains just to show that the band maps can be commuted amongst themselves. This now follows
from Proposition 9.13. Note that if both band maps are z-band maps or both are w-band maps,
then the maps always commute, though if one band map is w-band while the other is a z-band, we
must be careful about the configurations of the ends of the of the bands, because Proposition 9.13
has some non-trivial requirements on configuration of the ends of the bands. We note that the
hypotheses of Proposition 9.13 are always satisfied when the two bands are induced from a surface
with divides with a Morse function f such that f has two index one critical points, and f |A has no
critical points.
Move (13): We now consider a critical value switch between critical points of f |Σ and f |A. A
critical point of f |Σ induces compound 1-handle/band map, and a critical point of f |A induces a
quasi-stabilization map. The 1-handle maps commute with quasi-stabilization maps by Lemma 8.1
and the band maps by the triangle map computation of Proposition 5.3. Thus it is sufficient to
analyze when the band maps commute with quasi-stabilization maps.
Commutation of the quasi-stabilization maps S◦w,z and T
◦
w,z with the band maps F
w
B and F
z
B
now follows from Propositions 9.5 and 9.6. We note that the hypotheses of those two propositions
regarding the configuration of basepoints involved are always satisfied when the configuration of
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basepoints and bands are induced by a surface with divides with a Morse function f which has a
single index one critical point, and such that f |A also has a single index 1 critical point.
Move (14): We now consider the move corresponding to a critical point of Σ crossing A. The
1-handle maps commute with other 1-handle maps (Lemma 5.4) and the band maps (using the
triangle counts from Proposition 5.3). Hence we can bring the 1-handle maps beneath the quasi-
stabilization maps and the band maps. It follows that it is sufficient to consider the relation between
the quasi-stabilization maps and the band maps. In this move, we have arranged for the crossing to
locally be as in Figure 11.1. With basepoints, we can redraw this as in Figure 12.4.
Move (14)
zw
z
w
zw
T+w,z
F zB
id
S+w′,z′
FwB
τ
(w,z)←(w′,z′)
∗
z′
z′
w′
w′
z
w
Figure 12.4. A schematic of Move (14).
The decomposition on the right side of Figure 12.4 induces the composition
τ
(w,z)←(w′,z′)
∗ FwB S
+
w′,z′ ,
where τ (w,z)←(w
′,z′) is the diffeomorphism which fixes the link L(B) setwise, but moves (w′, z′) to
(w, z) while fixing all the other basepoints. The decomposition on the left side of Figure 12.4 induces
the composition
F zBT
+
w,z.
The diffeomorphism map τ
(w,z)←(w′,z′)
∗ is chain homotopic to S−w′,z′T
+
w,z by Lemma 4.27. Thus we
wish to show
S−w′,z′T
+
w,zF
w
B S
+
w′,z′ ' F zBT+w,z.
This will be an algebraic computation. We first note that
(54) ΨzT
+
w,z ' 0,
which follows from Lemmas 4.12 and 4.13. We thus compute:
S−w′,z′T
+
w,zF
w
B S
+
w′,z′ ' S−w′,z′FwB T+w,zS+w′,z′ (Proposition 9.6)
' S−w′,z′(F zBΨz + ΨzF zB)T+w,zS+w′,z′ (Proposition 9.3)
' S−w′,z′ΨzF zBT+w,zS+w′,z′ (Equation (54))
' S−w′,z′ΨzF zBS+w′,z′T+w,z (Proposition 4.20)
' S−w′,z′ΨzS+w′,z′F zBT+w,z (Proposition 9.5)
' F zBT+w,z, (Lemma 4.17)
completing the proof. 
12.5. Constructing the cobordism maps in the presence of empty ends. In this section we
construct cobordism maps when a link cobordism does not have enough incoming or outgoing ends.
To define the maps for such link cobordisms, we construct the cobordism maps by puncturing the
link cobordism (i.e. removing a 4-ball) at a collection of points along the dividing set, and then pre-
and post-composing with the 0-handle and 4-handle maps from Section 5.2.
Definition 12.8. Suppose that (W,Fσ) is a decorated link cobordism, with F = (Σ,A). Suppose
B4 ⊆ intW is a closed 4-ball. We say B intersects F standardly if the following hold:
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(1) B ∩ Σ is a 2-disk.
(2) B ∩ A is a connected arc.
(3) There are smooth coordinates (x, y, w, z) on a neighborhood of B ⊆ intW such that B =
{(x, y, w, z) : x2 + y2 + w2 + z2 ≤ 1} and in these coordinates Σ ∩B = {(x, y, 0, 0)} ∩B.
Now suppose that (W,Fσ) : (Y1,L1) → (Y2,L2) is a decorated link cobordism, possibly without
enough incoming or outgoing ends. To define the cobordism map FW,Fσ,s, we pick two collections of
4-balls, B1, . . . , Bn, and B
′
1, . . . , B
′
m, which intersect F standardly. We assume that all n+m 4-balls
are pairwise disjoint. Write (W0,Fσ0 ) for the link cobordism obtained by removing the interiors of
the 4-balls B1, . . . , Bn, B
′
1, . . . , Bm. We view (W0,Fσ0 ) as a cobordism from (Y1,L1) unionsq
⊔n
i=1(S
3,U)
to (Y2,L2)unionsq
⊔m
i=1(S
3,U), where U denotes a double based unknot in S3. We can now define FW,Fσ,s
as the composition
(55) FW,Fσ,s := F4FW0,Fσ0 ,s|W0F0,
where F4 denotes the composition of all the 4-handle maps associated to the 4-balls B
′
1, . . . , B
′
m,
and F1 denotes the composition of all the 0-handle maps associated to the 4-balls B1, . . . , Bn.
We now prove that the above construction does not depend on which 4-balls B1, . . . , Bn and
B′1, . . . , B
′
m.
Lemma 12.9. Suppose (W,Fσ) : (Y1,L1) → (Y2,L2) is a decorated link cobordism, such that each
component of W and F intersects a nonempty incoming end and outgoing end of W , and B ⊆ intW
is a 4-ball which intersects F standardly. Write (W0,F0) for the decorated link cobordism obtained
by removing the interior of B from W0 and F , and declaring the new boundary copy of (S3,U) to
be an incoming end. Write (W ′0,F ′0) for the decorated link cobordism obtained by viewing the new
copy of (S3,U) in the boundary as an outgoing end. Then
FW0,Fσ0 ,s|W0FY1,L1,S−1 ' FW,F,s ' FY2unionsqS3,L2unionsqU,S3FW ′0,(F0′)σ,s|W ′0 .
Proof. Let us consider the first relation,
FW0,Fσ0 ,s|W0FY1,L1,S−1 ' FW,F,s.
Pick a parametrized Kirby decomposition K for (W0,F0). By performing Move (10) (replacing an
identity elementary cobordism with a pair of quasi-stabilizations), we can assume that K contains
an elementary link cobordism Ci of type (EPC-2S+). By definition, the induced map is S+w,z, for two
new basepoints w and z. We now use Proposition 8.5, which shows that S+w,z ' F zBB+U,Dφ∗, for a
diffeomorphism φ which is supported in a neighborhood of a subarc of the link between w and z.
We note that by definition B+U,D is a 0-handle map followed by a 1-handle map, so
(56) S+w,z ' F zBFY unionsqS3,L∪U,S0FY,L,S−1φ∗,
for a framed 0-sphere S0 in Y unionsq S3. Hence, we create a parametrized Kirby decomposition K0 of
(W0,F0) by replacing the elementary cobordism Ci (corresponding to the quasi-stabilization map
S+w,z), with a composition of two elementary cobordisms C2 ◦ C1, where C1 corresponds to the dif-
feomorphism φ (i.e. C1 is an elementary cobordism of type (EPC-1)) and C2 corresponds to the
composition of the band map F zB and the 1-handle map FY unionsqS3,L∪U,S0 (i.e. C2 is an elementary
cobordism of type (EPC-3)).
Since we can commute the 0-handle map FY,L,S−1 past all of the maps for elementary cobordisms
Cj with j < i, we see that
FW,F,s,K ' FW0,F0,s|W0 ,K0FY1,L1,S−1 .
The second relation, involving (W ′0,F ′0) is proven analogously. 
Using the above Lemma, we can finish the proof of Theorem A, invariance of the cobordism maps:
Proof of Theorem A. Theorem A′, shows that the link cobordism maps are well-defined for a link
cobordism (W,F) whenever each component of W and F intersect the incoming and outgoing
boundaries non-trivially. For a general cobordism we define the cobordism map by puncturing
(W,F) (removing 4-balls which intersect F standardly) and then using Equation (55). To see that
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this is independent of the choice of 4-balls, we use Lemma 12.9, which implies that the map defined
in Equation (55) cobordism maps are invariant under removing additional 4-balls which intersect F
standardly. Given any two sets of 4-balls intersecting F standardly, we can show that the induced
maps are equal by moving between the two collections of 4-balls by sequentially removing additional
4-balls and filling in boundary spheres, using Lemma 12.9 at each step. 
13. The composition law
In this Section we prove the composition law:
Theorem B. Suppose that (W,Fσ) : (Y1,L1) → (Y2,L2) is decorated link cobordism which decom-
poses as the composition
(W,Fσ) = (W2,Fσ22 ) ◦ (W1,Fσ11 ).
If s1 and s2 are Spin
c structures on W1 and W2 respectively, then
FW2,Fσ22 ,s2FW1,F
σ1
1 ,s1
'
∑
s∈Spinc(W )
s|Wi=si
FW,Fσ,s.
Proof. Suppose first that each component of Wi and Fi intersects an incoming and outgoing end
of the cobordism (Wi,Fσi ) non-trivially. Take parametrized Kirby decompositions K1 = K(f1,b1)
of (W1,F1) and K2 = K(f2,b2) of (W2,F2), induced by very nice Morse functions f1 and f2 with
collections of regular values b1 and b2. Also pick gradient-like vector fields v1 and v2, inducing the
decompositions. We can assume that f1 and f2 patch together, and v1 and v2 patch together to
give Morse functions and gradient-like vector fields on (W,F). The collections of regular values b1
and b2 induce a collection b for f . This yields a decomposition, K(f,b), of (W,F) into elementary
parametrized cobordisms, which is the one obtained by just stacking K1 and K2. We note that
K(f,b) may not be a parametrized Kirby decomposition since the terms are in the wrong order,
and there may be two 2-handle cobordisms. Nonetheless, the composition of the cobordism maps
for each elementary parametrized cobordism in the decomposition is FW2,Fσ22 ,s2FW1,F
σ1
1 ,s1
.
Notice that the index 1, 2 and 3 dimensional critical points of f1 which are away from Σ1 have
unstable manifolds which do not intersect Σ, and similarly the critical points of f2 away from Σ have
stable manifolds which do not intersect Σ. Hence, assuming that (f, v) is generic, we can modify the
Morse functions to pull all of the critical points of f1|W1\Σ1 above any critical point of f2|Σ2 along
Σ, and then pull the index 3 critical points of f1 above the index 1 and 2 critical points of f2, and
pull the index 2 critical points of f1 above the index 1 critical points of f1.
The composition of the map for each piece of the stacked decomposition is invariant under pulling
the 3-handles of f1 above the 1-handles of f2 by Lemma 5.4. The composition is also invariant of
pulling the 3-handles of f1 past the 2-handles of f2 by the triangle map computation of Proposi-
tion 5.3.
Hence it remains to show that the composition is unchanged when we pull the 1-,2- and 3-handles
of f1|W1\Σ1 past the elementary cobordisms associated to critical points of f2|Σ and f2|A. The
critical points of f2|A induce maps which are a composition of the basepoint moving maps along
the link components, and the quasi-stabilization maps. The maps for surgery on framed spheres
away from the link commute with the basepoint moving maps by diffeomorphism invariance of the
maps. The 1- and 3-handles of f1 can be pulled past the critical points of f2|A without changing
the composition of the maps by Lemma 8.1 (showing that the 1-handle and 3-handle maps commute
with quasi-stabilization). The 1- and 3-handle maps can be commuted past critical points of f2|Σ
using Lemma 5.4 (to commute a 1- or 3-handle past the 1-handle map from the critical point along
Σ2) as well as the triangle map computation from Proposition 5.3 (to commute a 1- or 3-handle past
the band map for the critical point along Σ2). The 2-handles of f1 can be commuted past the critical
points of f2|A by Lemma 8.2. Similarly the 2-handles of f1 can be commuted past the critical points
of f2|Σ by Lemma 8.4 (to commute the 2-handle maps past the band maps), and Proposition 5.3
(to commute the 2-handle maps past the 1-handle map).
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Hence FW2,Fσ22 ,s2FW1,F
σ1
1 ,s1
is equal to the composition of maps induced by a decomposition of
(W,F) into parametrized elementary cobordisms, which has elementary cobordisms satisfying the
requirements of a parametrized Kirby decomposition, except that there are exactly two adjacent
terms corresponding to surgery on framed 1-dimensional links. As W is obtained from the union of
the two 2-handle pieces by adding 1-handles and 3-handles, a Spinc structure defined on the union of
the two 2-handle cobordisms extends uniquely to a Spinc structure on all of W . Hence Lemma 5.10
(the composition law for the 2-handle maps) the theorem in this case.
Finally, we need to consider the case not all of the components of Wi or Fi intersect both an
incoming and outgoing ends of Wi. The cobordism maps, in this case, are defined using Equation (55)
by removing a collection of 4-balls which intersect Fi standardly. We note that the 4-handle maps for
(W1,F1) can always be commuted past each of the elementary cobordism maps in the composition for
(W2,F2). Similarly all of the 0-handle maps can be commuted past all of the elementary cobordism
maps in the composition for (W1,F1). Using the version of the composition law for link cobordisms
(Wi,Fi) where each component of Wi and Fi intersects both an incoming and outgoing boundary
component of Wi non-trivially, we obtain the general version of Theorem B. 
14. Algebraic reduction to the graph TQFT
In [Zem15], the author constructed a graph TQFT for Heegaard Floer homology. In this section,
we relate the reductions of the link cobordism maps from this paper to the graph TQFT maps.
Throughout this section, we restrict to surfaces with divides which are colored using exactly two
colors, one for the w-basepoints and regions, and one for the z-basepoints and regions. We will
write U for the variable corresponding to the w-basepoints and regions, and we will write V for
the variable corresponding to the z-basepoints and regions. It is straightforward to generalize the
results of this section to more general colorings, as long as no w-basepoint or region shares the same
color as a z-basepoint or region.
If (Y,L) is a 3-manifold with a multi-based link, we note that
CFL−(Y,L, s)⊗F2[U,V ] F2[U, V ]/(V − 1) ∼= CF−(Y,w, s)
and
CFL−(Y,L, s)⊗F2[U,V ] F2[U, V ]/(U − 1) ∼= CF−(Y, z, s− PD [L]).
The change in Spinc structure of the U = 1 reduction is a consequence of Lemma 3.3.
The link cobordism maps FW,F,s thus naturally induce two maps on CF−, which we call the
algebraic reductions of FW,F,s. We will write FW,F,s|U=1 or FW,F,s|V=1, for these reductions.
We now state the main results of this section (note that the precise definitions of ribbon-equivalence
and ribbon 1-skeletons will be provided in Section 14.1):
Theorem C. Suppose that (W,F) : (Y1,L1) → (Y2,L2) is a decorated link cobordism with F =
(Σ,A). If Γ(Σw) and Γ(Σz) are choices of ribbon 1-skeletons of Σw and Σz, then
FW,F,s|V=1 ' FBW,Γ(Σw),s and FW,F,s|U=1 ' FAW,Γ(Σz),s−PD[Σ].
See Definition 14.5 for the precise definition of a ribbon 1-skeleton.
The following two results are immediate corollaries of the above theorem:
Corollary D. If (W,Γ) and (W,Γ′) are ribbon-equivalent ribbon graph cobordisms (Definition 14.4),
then
FAW,Γ,s ' FAW,Γ′,s and FBW,Γ,s ' FBW,Γ′,s.
Corollary E. The V = 1 reduction of FW,F,s,
FW,F,s|V=1 : CF−(Y1,w1, s|Y1)→ CF−(Y2,w2, s|Y2),
depends only on the ribbon surface Σw and the Spin
c structure s. The U = 1 reduction of FW,F,s,
FW,F,s|U=1 : CF−(Y1, z1, s− PD [L1])→ CF−(Y2, z2, s− PD [L2]),
depends only on the ribbon surface Σz, and the Spin
c structure s− PD [Σ].
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14.1. Definitions and topological preliminaries. In this section, we provide the topological
definitions and some preliminary results used in the statement of Theorem C and the subsequent
corollaries.
Definition 14.1. A ribbon graph cobordism between two multi-based 3-manifolds (Y1,w1) and
(Y2,w2) is a pair (W,Γ) such that
(1) W is a cobordism from Y1 to Y2.
(2) Γ is an embedded graph in W such that Γ∩ ∂W = w1 ∪w2 and each basepoint in w1 ∪w2
has valence 1 in Γ.
(3) Each vertex of Γ has valance at least 1.
(4) Γ is decorated with a choice of cyclic ordering of the edges adjacent to each vertex.
The above definition naturally inspires the following definition:
Definition 14.2. A ribbon surface cobordism between two multi-based 3-manifolds (Y1,w1) and
(Y2,w2) is a pair (W,R) such that W is a cobordism from Y1 to Y2, and R ⊆ W is an oriented
surface with boundary and corners such that the following holds:
(1) R∩ Yi is a finite collection of closed intervals, each containing exactly one of the basepoints
in wi. Furthermore, each basepoint in wi is contained in a component of R ∩ Yi.
(2) The corners of R correspond exactly to the boundaries of the closed intervals forming R∩Yi.
(3) R contains no closed components.
Lemma 14.3. Given a ribbon graph cobordism (W,Γ): (Y1,w1) → (Y2,w2), there is an induced
ribbon surface RΓ ⊆W , which is well-defined up to 1-parameter families of ribbon surfaces (RΓ)t in
W , each making (W, (RΓ)t) into a ribbon surface cobordism.
Proof. We first show how to construct the surface RΓ. Pick an orientation of each edge of Γ, and
also pick an oriented 2-plane in W at each interior vertex of Γ. Isotope the edges of Γ inside of W ,
while fixing the vertices, so that the edges meet in the chosen 2-plane, and such that the ordering
of the edges in the chosen oriented 2-plane field agrees with the cyclic ordering from the ribbon
structure on Γ. Call this isotoped graph Γ˜. To each vertex in Γ˜ ∩ intW , we fix an oriented disk
centered at the vertex, whose oriented tangent space agrees with the chosen oriented 2-plane field.
Along each edge, we pick a nonzero vector field we which is tangent to e, and positively oriented
with respect to the orientation of e. We also pick a non-vanishing vector field ve along e, which is
orthogonal to e. We require that the pair (ve, we) restricts to an oriented basis on each of the disks
which we centered at the vertices. At the vertices of Γ ∩ ∂W , we have no requirement on we.
We can then build the surface RΓ by attaching strips to the disks, along the edges of Γ˜, such that
(ve, we) gives an oriented basis of the tangent space along each edge.
To show uniqueness up to isotopy of the surface RΓ, we note that the construction involved
several steps: choosing an orientation of each edge, choosing an oriented 2-plane field at each vertex,
choosing an isotopic Γ˜ whose edges meet in the chosen 2-plane fields, and choosing the vector fields
we. Firstly, the construction is clearly independent of the orientations of the edges of Γ. Having
fixed ve, the space of non-vanishing vector fields we satisfying the stated assumptions is homotopy
equivalent to the space of maps from (e, ∂e) to (S2, {pt}), and is hence connected. Lastly, we show
independence of the choice of isotoped graph Γ˜. Suppose Γ˜ and Γ˜′ are two graphs, constructed
by isotoping Γ so that the edges meet in the chosen 2-plane fields at the vertices. Clearly the
corresponding edges are homotopic relative to the vertices. Since W is a 4-manifold, a homotopy of
a 1-manifold can be taken to be an isotopy, so Γ˜ and Γ˜′ are isotopic through graphs which meet in
the chosen 2-plane field with the correct cyclic ordering at the vertices of Γ. 
Definition 14.4. We say that two graph cobordisms (W,Γ1), (W,Γ2) : (Y1,w1) → (Y2,w2) are
ribbon-equivalent if the two ribbon surfaces RΓ1 and RΓ2 are isotopic in W through ribbon surfaces.
Given a ribbon surface cobordism (W,R), we can go in the other direction, and construct a ribbon
graph cobordism (W,ΓR):
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Definition 14.5. If (W,R) is a ribbon surface cobordism from (Y1,w1) to (Y2,w2), we say that a
ribbon graph Γ ⊆ R is a ribbon 1-skeleton of R if the cyclic orders of Γ correspond to the orientation
of R, and if the surface RΓ (constructed in Lemma 14.3) can be constructed to lie in R, and such
that the inclusion RΓ ↪→ R is isotopic to a diffeomorphism between RΓ and R.
Note that there are many non-isotopic ribbon 1-skeletons for a fixed ribbon surface (in fact there
are many which are not even isomorphic as graphs). We will not endeavor to create a set of moves
between two ribbon 1-skeletons of a ribbon surface, though presumably a small set of moves could
be established. In Figure 14.1 we show a few examples of ribbon 1-skeletons of surfaces.
Figure 14.1. Examples of different ribbon 1-skeletons for ribbon surfaces.
The ribbon 1-skeletons are, by definition, ribbon-equivalent. The pairs of ribbon
graphs are not isomorphic as ribbon graphs. The top pair of ribbon 1-skeletons are
related by adding trivial strands. The middle pair are related by sliding an edge
across a vertex, in a way which is compatible with the cyclic orderings. The bottom
pair can be related by a sequence of such moves. Note that the bottom graphs are
isomorphic as graphs, but not as ribbon graphs.
14.2. Construction and basic relations of the graph TQFT. In this section, we recall the
construction of the graph cobordism maps from [Zem15], and prove some basic results, which will
be helpful for our purposes.
Analogous to the link cobordism maps defined in this paper, the graph cobordism maps are
constructed by decomposing a graph cobordism into elementary pieces, and defining a map for each
piece. There are 1-handle, 2-handle and 3-handle maps, modeled on the maps defined by Ozsva´th
and Szabo´ [OS06], and similar to the ones we defined for link cobordisms earlier in this paper. There
are also 0-handle and 4-handle maps, corresponding to adding or removing a copy of (S3, w), similar
to the maps defined in Section 5.2. A key component of the construction of the graph cobordism
maps is a maps for graphs embedded in a fixed 3-manifold. We make the following definition:
Definition 14.6. A ribbon flow-graph G = (Γ, V1, V2) in Y 3 is a tuple consisting of a ribbon graph
Γ ⊆ Y , with two disjoint subset of vertices V1 and V2 in V (Γ) such that the following hold:
(1) V1 and V2 both intersect each component of Y non-trivially.
(2) Each vertex in V1 and V2 has valence 1 in Γ.
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(3) Each vertex in Γ has valence at least 1.
If G = (Γ, V1, V2) and G′ = (Γ′, V2, V3) are two flow-graphs with Γ∩Γ′ = V2, then the composition
of G′ and G is defined by concatenation: G′ ◦ G = (Γ′ ∪ Γ, V1, V3).
In [Zem15], a graph action map was defined defined. If G = (Γ, V1, V2) is a ribbon flow-graph in a
fixed 3-manifold Y , the graph action map is a chain map
AG,s : CF−(Y, V1, s)→ CF−(Y, V2, s).
There is a natural variation, BG,s, with the same domain and range, which will discuss later.
If G = (Γ, V1, V2) is a flow-graph in Y , then we can construct a graph cobordism ([0, 1] ×
Y, Γˆ) : (Y, V1)→ (Y, V2), such that the projection of Γˆ onto Y is the graph Γ. The graph cobordism
maps FA
[0,1]×Y,Γˆ,s and F
B
[0,1]×Y,Γˆ,s are equal to the graph action maps AG,s and BG,s, respectively.
There are two key constituent maps which feature in the construction of the graph action map:
the relative homology maps, and the free-stabilization maps.
We now describe the relative homology maps. Given a path λ between two basepoints w1 and w2
in Y , there is a −1 graded endomorphism
Aλ : CF
−(Y,w, s)→ CF−(Y,w, s),
which satisfies
∂Aλ +Aλ∂ = Uw1 + Uw2 .
On the level of Heegaard diagrams, the map Aλ is defined by homotoping the path λ so that it lies
in the Heegaard surface, and then defining
Aλ(x) :=
∑
φ∈pi2(x,y)
µ(φ)=1
a(λ, φ)#M̂(φ)Unw(φ)w · y.
The quantity a(λ, φ) ∈ F2 is defined to be the sum of changes of the multiplicities of the class φ over
the α curves, as one traverses λ.
Naturally, there is a map Bλ which is constructed similarly, but instead weighting by the quantity
b(λ, φ) ∈ F2 obtained by counting the total sum of changes of φ across the β curves as one travels
along λ. The sum Aλ+Bλ counts disks with an extra factor equal to the sum of changes across both
the α and β curves, which is just the difference between the multiplicities at w1 and w2. Hence
Aλ +Bλ = Uw1Φw1 + Uw2Φw2 ,
where
Φwi(x) := U
−1
wi
∑
φ∈pi2(x,y)
µ(φ)=1
nwi(φ)#M̂(φ)Unw(φ)w · y.
The following relations are obtained in [Zem15, Lemma 5.10, 5.12] by counting the ends of index
2 moduli spaces of holomorphic curves:
(57) A2λ ' Uw1 ' Uw2 ,
(58) Aλ1Aλ2 +Aλ2Aλ1 '
∑
w∈(∂λ1)∩(∂λ2)
Uw.
We now describe the second type of map featuring in the construction of the graph action maps:
the free-stabilization maps. The free-stabilization maps have domain and range equal to two different
Heegaard Floer complexes. If (Y,w) is a multi-based 3-manifold and w 6∈ w, in [Zem15] a map
S+w : CF
−(Y,w, s)→ CF−(Y,w ∪ {w}, s)
is defined. There is also a map, S−w , defined in the opposite direction. If H = (Σ,α,β,w) is a
diagram for (Y,w) such that w ∈ Σ\ (α∪β), then a diagram for (Y,w∪{w}) can be constructed by
adding two new curves, α0 and β0, which are contained in a small ball bounding w ∈ Σ. Furthermore,
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we pick α0 and β0 so that α0 ∩ β0 consists of two points, which are distinguished by the relative
grading. The free-stabilization maps are defined by the equations
S+w (x) = x⊗ θ+,
S−w (x⊗ θ+) = 0 and S−w (x⊗ θ−) = x.
An alternate description of the free-stabilization map S+w is the composition of a 0-handle map,
which adds a new copy of (S3, w0), and then a 1-handle map for a 1-handle with a foot near w ∈ Y
and a foot near w0 ∈ S3. As such the formula for S+w is similar to the 1-handle map defined in
Section 5.3.
In [Zem15, Proposition 6.23], it is shown that
(59) S◦w1S
◦′
w2 ' S◦
′
w2S
◦
w1
for any distinct w1 and w2 and ◦, ◦′ ∈ {+,−} (compare Lemma 5.4). If {w1, . . . , wn} is a collection
of distinct basepoints, we will write S◦wn,...,w1 for the composition
S◦wn,...,w1 := S
◦
wn · · ·S◦w1 ,
noting that the composition is independent of the ordering of w1, . . . , wn by Equation (59).
Also,
(60) S◦wAλ ' AλS◦w
for ◦ ∈ {+,−}, as long as w 6∈ ∂λ [Zem15, Lemma 6.6]. Additionally, according to [Zem15,
Lemma 14.16], one has
(61) S+wS
−
w ' Φw.
By examining the formulas for the free-stabilization maps, one immediately has
(62) S−wS
+
w ' 0.
If λ is a path from w1 to w2, and w1 ∈ w but w2 6∈ w, then
(63) S−w2AλS
+
w2 ' idCF−(Y,w,s) .
We refer to Equation (63) as the trivial strand relation, since it corresponds to invariance from the
manipulation of graphs shown on the top of Figure 14.1.
Finally, there is the basepoint moving relation. If λ is a path from w1 to w2 and w1, w2 6∈ w, then
the diffeomorphism φλ which moves w1 to w2 along λ induces a chain homotopy equivalence
(φλ)∗ : CF−(Y,w ∪ {w1}, s)→ CF−(Y,w ∪ {w2}, s).
The basepoint moving relation is that
(64) (φλ)∗ ' S−w1AλS+w2 .
This is proven in [Zem15, Section 14]. It is instructive to compare Equation (64) to the basepoint
moving relations from Section 4.4, using the reduction techniques from later in this section (in
particular Lemma 14.12).
14.3. Constructing the graph action map. To define the graph action map AG,s, one subdivides
the graph Γ by adding extra vertices, and writes G (now subdivided) as a composition of elementary
flow-graphs. Such a decomposition is termed a Cerf decomposition of the graph. By definition, there
are three types of elementary flow-graphs G = (Γ, V1, V2):
(EFG-1): V (Γ) = V1 unionsq V2 and all edges go from V1 to V2;
(EFG-2): V (Γ) = V1 unionsq V2 unionsq {v0} and all edges either connect a vertex in V1 to V2 or connect a
vertex in V1 ∪ V2 to {v0};
(EFG-3): V (Γ) = V1 unionsq V2 and there is exactly one edge which connects two vertices in V1 or two
vertices in V2.
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Examples of the three subtypes of elementary ribbon flow-graphs are shown in Figure 14.2. Note
than any flow-graph can be subdivided so that it is a concatenation of elementary flow-graphs. In
[Zem15, Theorem 7.6] it is shown that the graph action map is invariant under the choice of de-
composition into elementary flow-graphs. Furthermore, adapting the proof of [Zem15, Theorem 7.6]
shows that the graph action map is also invariant under subdivision.
V1
V2
(EFG-1)
v0
(EFG-2) (EFG-3)
Figure 14.2. Examples of the three types elementary ribbon flow-graphs.
If G = (Γ, V1, V2) is an elementary flow-graph satisfying (EFG-1), the graph action map is defined
to be
(EFG-1) AG,s :=
( ∏
v∈V1
S−v
)( ∏
e∈E(Γ)
Ae
)( ∏
v∈V2
S+v
)
.
The map does not depend on the ordering of the terms in the three factors, by Equations (59) and
(58).
If G is an elementary flow-graph satisfying (EFG-2), the graph action map is defined to be
(EFG-2) AG,s :=
( ∏
v∈V1∪{v0}
S−v
)( ∏
e∈E(Γ)
v0 6∈∂e
Ae
)
(Aen · · ·Ae1)
( ∏
v∈V2∪{v0}
S+v
)
,
where e1, . . . , en are the edges adjacent to v0, in the order that they appear according to the cyclic
ordering. In [Zem15, Lemma 6.12] it is shown that this expression is invariant under cyclic permu-
tation of the edges e1, . . . , en.
Finally, if G = (Γ, V1, V2) is an elementary flow-graph satisfying (EFG-3), the graph action map is
defined to be
(EFG-3) AG,s :=
( ∏
v∈V1
S−v
)( ∏
e∈E(Γ)
Ae
)( ∏
v∈V2
S+v
)
.
The map BG,s is defined similarly, by simply replacing each instance of Aλ with Bλ, in the above
formulas. The maps AG,s and BG,s are related by the following result:
Proposition 14.7. If G = (Γ, V1, V2) is a ribbon flow-graph, and G = (Γ, V1, V2) denotes the ribbon
flow-graph with all cyclic orders reversed, then
BG,s = AG,s.
We will not have a need for the above relation. A proof for trivalent graphs can be found in
[HMZ18, Lemma 5.9]. For general graphs, one can use Lemma 14.9, below, to reduce to the case of
trivalent graphs.
14.4. Relating the graph action map to link Floer homology. In this section, we prove several
useful computations of graph action maps, and compute the algebraic reductions of the basepoint
actions on the link Floer complexes. In Section 14.5, we will use these results to prove Theorem C.
A first relation, which will be useful for us, is related to subdivision invariance of the graph action
map:
Lemma 14.8. Suppose that e1 and e2 are two paths which share a single endpoint w. Then, writing
e1 ∗ e2 for the concatenation, one has
Ae2∗e1 ' S−wAe2Ae1S+w .
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Proof. On a diagram which has w as a basepoint, additivity of the quantity a(λ, φ) under concate-
nation of arcs implies that Ae2∗e1 ' Ae2 +Ae1 . Hence Ae2 ' Ae2∗e1 +Ae1 . Hence
S−wAe2Ae1S
+
w ' S−w (Ae2∗e1 +Ae1)Ae1S+w ' Ae2∗e1S−wAe1S+w + US−wS+w ' Ae2∗e1 ,
as we wanted. 
Any ribbon flow-graph in Y is ribbon-equivalent to a trivalent ribbon graph. At any vertex of
valence greater than three, one can split off a consecutive pair of edges, reducing the number of
edges adjacent to the vertex, while adding a new trivalent vertex to the graph. We show that the
graph action map is invariant under this move:
Lemma 14.9. If G = (Γ, V1, V2) is a ribbon flow-graph in Y , and G′ = (Γ′, V1, V2) is related to G by
splitting off a consecutive pair of edges at a given vertex of Γ, and forming a new trivalent vertex,
then
AG,s ' AG′,s.
Proof. Since the graph action map is constructed by decomposing a subdivision of the graph into a
composition of elementary flow-graphs, it is sufficient to prove the claim for elementary flow-graphs
satisfying (EFG-2), the only type of elementary ribbon flow-graph which can have a vertex of valence
greater than three. Suppose that v0 is the middle vertex and suppose that e1, . . . , en are the edges
adjacent to v0, indexed according to the cyclic ordering assigned to v0. Let e
′
0, e
′
1, and e
′
2, denote
three new edges adjacent to a new vertex v′0, as in Figure 14.3. By definition
AG,s =
( ∏
v∈V1∪{v0}
S−v
)( ∏
e∈E(Γ)
v0 6∈∂e
Ae
)
(Aen · · ·Ae1)
( ∏
v∈V2∪{v0}
S+v
)
.
By commuting the various S+v amongst themselves, we can isolate a factor of Ae2Ae1S
+
v0 before
the other relative homology maps but after all of the other positive free-stabilization maps. We now
claim that
(65) S−v′0Ae
′
0
Ae′2Ae′1S
+
v′0,v0
' Ae2Ae1S+v0 .
To this end, the our strategy will be to identify both expressions with a third expression, namely
(66) S−v′0Ae
′
0
(Ae′2 +Ae′0)(Ae′1 +Ae′0)S
+
v′0,v0
.
To show the left side of Equation (65) is equal to the Equation (66), we compute by multiplying out
Equation (66), and rearranging terms:
S−v′0Ae
′
0
(Ae′2 +Ae′0)(Ae′1 +Ae′0)S
+
v′0,v0
'S−v′0(Ae′0Ae′2Ae′1 +A
2
e′0
Ae′1 +Ae′0Ae′2Ae′0 +A
3
e′0
)S+v′0,v0
'S−v′0(Ae′0Ae′2Ae′1 +A
2
e′0
Ae′1 +A
2
e′0
Ae′2 + UAe′0 +A
3
e′0
)S+v′0,v0
'S−v′0(Ae′0Ae′2Ae′1 + UAe′1 + UAe′2 + UAe′0 + UAe′0)S
+
v′0,v0
'S−v′0Ae′0Ae′2Ae′1S
+
v′0,v0
+ US−v′0(Ae
′
1
+Ae′2)S
+
v′0,v0
'S−v′0Ae′0Ae′2Ae′1S
+
v′0,v0
+ U(S−v′0Ae
′
1
S+v′0
+ S−v′0Ae
′
2
S+v′0
)S+v0
'S−v′0Ae′0Ae′2Ae′1S
+
v′0,v0
+ 2 · US+v0
'S−v′0Ae′0Ae′2Ae′1S
+
v′0,v0
.
To see that the right side of Equation (65) is equal to the expression from Equation (66), we
compute that
S−v′0Ae
′
0
(Ae′2 +Ae′0)(Ae′1 +Ae′0)S
+
v′0,v0
' S−v′0Ae′0(Ae′2∗e′0)(Ae′1∗e′0)S
+
v′0,v0
' S−v′0Ae′0S
+
v′0
(Ae′2∗e′0)(Ae′1∗e′0)S
+
v0 ' Ae2Ae1S+v0 .
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Hence we conclude that
AG,s '
( ∏
v∈V1∪{v0}
S−v
)( ∏
e∈E(Γ)
v0 6∈∂e
Ae
)
(Aen · · ·Ae3)(S−v′0Ae′0Ae′2Ae′1S
+
v′0,v0
)
( ∏
v∈V2
S+v
)
.
This expression is almost, but not quite, the expression for a Cerf decomposition of G′. To obtain the
map induced by a genuine Cerf decomposition of G′, we use Lemma 14.8 to subdivide the edge e′0,
and also all the other edges which are adjacent to a vertex in V1. We leave this last step to the reader,
since the manipulation is straightforward. The process is shown schematically in Figure 14.3. 
v0
e′1 e′2
en
e′0
v0
e1
e2
en
v′0
Figure 14.3. Replacing a pair of consecutive edges at a higher valence
vertex with three edges and a trivalent vertex. On the top, we show the
manipulation performed from Lemma 14.9. In order to turn this into a Cerf decom-
position, one must additionally also subdivide several edges of the graph, as shown
on the bottom. Cyclic orders are counterclockwise with respect to the page.
Remark 14.10. Lemma 14.9 can be viewed as a first step toward proving invariance of the graph
cobordism maps under ribbon-equivalence, Corollary D. For example, it implies invariance from
equivalences like the one shown in the second row of Figure 14.1.
For the purposes of comparing the graph TQFT to the reductions of the link Floer TQFT, we
will need to compute the graph cobordism map for W = [0, 1]× Y containing the H-shaped graph
shown in Figure 14.3.
Lemma 14.11. Suppose λ is a path in Y from w1 to w2. Let ΓH denote the graph ([0, 1]×{w1, w2})∪
{ 12} × λ, with cyclic orders as shown in Figure 14.4. Then
FA[0,1]×Y,ΓH ,s ' Aλ + UΦw1 , and FB[0,1]×Y,ΓH ,s ' Bλ + UΦw1 .
The same formula holds in the case that Y has additional basepoints w, and we add [0, 1] × w to
ΓH .
Proof. Let GH denote the ribbon flow-graph in Y which is shown in Figure 14.4. In Figure 14.4, we
show a Cerf decomposition for GH into two elementary ribbon flow-graphs, both satisfying (EFG-2).
The flow-graph GH = (H, {w1, w2}, {w′1, w′2}) is obtained by pushing ΓH into {0} × Y . The graph
cobordism map FA[0,1]×Y,ΓH ,s is equal to the graph action map AGH ,s, composed with basepoint
moving maps to move w′1 to w1 and w
′
2 to w2.
We will use the relations from Section 14.2 to compute the maps AGH and BGH . If e is a path
between two basepoints in Y , we will write φe for the diffeomorphism of Y obtained by pushing a
basepoint along e. Using the Cerf decomposition shown in Figure 14.4, we see that the graph action
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w2 w1
w′2 w
′
1
λ′
w2 w1
w′2 w
′
1
e1
e2e3e4
e8
e5
e6
e7
V1
V2
v1
v2
v3
v4
v5
w2 w1
w2 w1
λ
(Y × [0, 1],ΓH)
GH
Figure 14.4. The graph cobordism ([0, 1] × Y,ΓH) and the ribbon flow-
graph GH = (H, {w1, w2}, {w′1, w′2}), obtained by pushing ΓH into {0}×Y . In
Lemma 14.11, we compute cobordism map for the graph cobordism ([0, 1]×Y,ΓH),
by computing the graph action map for GH . A Cerf decomposition of the flow-graph
is shown on the bottom right.
map takes the form
AH,s = S−w1w2v1v2v3v5Ae8Ae7Ae6Ae5Ae4Ae3Ae2Ae1S
+
v1v2v3v4v5w′1w
′
2
' (S−v5Ae7S+w′2)S
−
v1v2v4Ae8(S
−
v3Ae6Ae3S
+
v3)Ae2S
+
v2w′1
(S−w1Ae1S
+
v1)(S
−
w2(S
−
v4Ae5Ae4S
+
v4)S
+
v5)
' (φe7)∗S−v1v2Ae8Ae6∗e3Ae2S+v2w′1(φe1)∗(φe4∗e5)∗
' U(φe7)∗S−v1v2Ae8S+v2w′1(φe1)∗(φe4∗e5)∗ + (φe7)∗S
−
v1v2Ae8Ae2Ae6∗e3S
+
v2w′1
(φe1)∗(φe4∗e5)∗
' U(φe7)∗S−v1S+w′1(φe1)∗(φe4∗e5)∗ + (φe7)∗S
−
v1S
−
v2Ae8Ae2S
+
v2S
+
w′1
Ae6∗e3(φe1)∗(φe4∗e5)∗
' U(φe7)∗(S−v1Ae2∗e8S+v1)S−v1S+w′1(φe1)∗(φe4∗e5)∗ + (φe7)∗(φe8∗e2)∗Ae6∗e3(φe1)∗(φe4∗e5)∗
' U(φe7)∗S−v1Ae2∗e8Φv1S+w′1(φe1)∗(φe4∗e5)∗ + (φe7)∗(φe8∗e2)∗Ae6∗e3(φe1)∗(φe4∗e5)∗
' U(φe7)∗S−v1Ae2∗e8S+w′1Φv1(φe1)∗(φe4∗e5)∗ + (φe7)∗(φe8∗e2)∗Ae6∗e3(φe1)∗(φe4∗e5)∗
' U(φe7)∗(φe8∗e2)∗Φv1(φe1)∗(φe4∗e5)∗ + (φe7)∗(φe8∗e2)∗Ae6∗e3(φe1)∗(φe4∗e5)∗
= φ′∗(UΦv1 +Aλ′)φ∗,
where φ′ := (φe7)∗(φe8∗e2)∗ and φ := (φe1)∗(φe4∗e5)∗ are the basepoint moving maps for moving
along the “vertical” edges of GH , and λ′ := e6 ∗ e3 is the “horizontal” edge of GH . Noting that the
diffeomorphism φ moves w1 to v1, the formula
FA[0,1]×Y,ΓH ,s ' Aλ + UΦw1
follows. The formula for FB[0,1]×Y,ΓH ,s follows by replacing the A’s with B’s in the above argument.

The graph in the previous lemma resembles a ribbon 1-skeleton of the Σw subsurface of the
decorated surface for Ψz. This is no accident:
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Lemma 14.12. Suppose that w1, z, and w2 are consecutive basepoints on a link L (in that order,
though w1 and w2 need not be distinct), and λ is the subarc of L from w1 to w2. Then the reduction
of Ψz satisfies
Ψz|V=1 ' Aλ + Uw2Φw2 ' Bλ + Uw1Φw1 .
Proof. Write λ as the concatenation of two paths, λ1 and λ2, which meet at z. The configuration is
shown in Figure 14.5.
β α
z
w2
w1
λ2
λ1
β α
α
Figure 14.5. A portion of the Heegaard diagram containing the subarc
λ of L. The arc λ is the concatenation of λ1 and λ2.
Using Condition (5) of Definition 3.1 (the definition of a Heegaard diagram for a link), we can
assume that λ is immersed in the Heegaard diagram, and furthermore, we can assume that λ1 does
not intersect any of the α-curves, and that λ2 does not intersect any of the β-curves. Hence the
quantity a(λ, φ) is equal to the total change of the multiplicities of φ along λ2, i.e.,
a(λ, φ) = nw2(φ)− nz(φ).
Multiplying a(λ, φ) by #M̂(φ)Unw(φ)w · y and summing over all index 1 classes φ, we arrive at the
stated relation
Aλ(x) = Uw2Φw2(x) + Ψz(x)|V=1.
Analogously, by adapting the same line of reasoning yields for the map Bλ, which uses the weights
b(λ, φ) instead of a(λ, φ), we arrive at the relation
Bλ(x) = Uw1Φw1(x) + Ψz(x)|V=1,
completing the proof. 
Analogously, we can compute the reduction of the maps Φw, after setting U = 1.
Lemma 14.13. If w ∈ w is a basepoint of L = (L,w, z), let λ denote the component of L \ z which
contains w. Suppose that λ, oriented as a subset of L, goes from z1 to z2. Then
Φw|U=1 ' Aλ + Vz1Ψz1 ' Bλ + Vz2Ψz2 .
Proof. The proof is analogous to the proof of Lemma 14.12. 
14.5. Proof of Theorem C. We can now prove our stated theorem about the algebraic reductions
of FW,F,s.
Proof of Theorem C. Let (W,F) be a decorated link cobordism with F = (Σ,A). We first consider
the V = 1 reduction of the link cobordism maps. First note that the composition law holds for both
the graph cobordism maps, and the link cobordism maps. Noting also that the reduction formula is
obviously true for the 0-handle and 4-handle cobordism maps, we can assume that each component
of Σ intersects a component of the incoming boundary and the outgoing boundary non-trivially.
Given a ribbon 1-skeleton Γ(Σw) of Σw, we note that by using Lemma 14.9, we can reduce to
the case that Γ(Σw) has no vertices of valence more than three. Using our assumption that each
component of Σ intersects a component of the incoming and outgoing boundaries of W , we can
decompose (W,F) into a composition (Wn,Fn) ◦ · · · ◦ (W1,F1) where each (Wi,Fi) satisfies one of
the following:
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(RG-1): (Wi,Fi) is diffeomorphic to the trace of an isotopy φt of a link in a 3-manifold, and
Γ(Σw)∩Wi consists of a collection of paths from the incoming boundary to the outgoing
boundary.
(RG-2): (Wi,Fi) is a diffeomorphic to the handle attachment cobordism formed by attaching
a 4-dimensional handle or collection of handles along a framed 0-sphere, 2-sphere or
collection of framed 1-spheres, in the complement of the link. Furthermore, the graph
Γ(Σw)∩Fi consists of a collection of paths from the incoming boundary to the outgoing
boundary.
(RG-3): (Wi,Fi) is diffeomorphic to a cobordism obtained by attaching a type-z band to the
link. Furthermore Γ(Σw) consists of a collection of paths from the incoming boundary
to the outgoing boundary.
(RG-4): (Wi,Σi) is diffeomorphic (as an undecorated link cobordism) to a cylindrical link cobor-
dism. The graph Γ(Σw) ∩Wi is an elementary flow-graph, satisfying one of (EFG-1),
(EFG-2) or (EFG-3). The subsurface Σw ∩Wi is a regular neighborhood of the graph
Γ(Σw) ∩Wi.
We now show the claim for a link cobordism satisfying condition (RG-1). In this case, the
induced link cobordism is the diffeomorphism map induced by the isotopy φ1. It is clear that
the reduction of the diffeomorphism map on link Floer homology is equal to the map induced by
the same diffeomorphism on Heegaard Floer homology.
We now consider the claim for link cobordisms satisfying condition (RG-2). In this case, the
link cobordism maps are defined by using the 4-dimensional handle attachment maps. The 1-
handle and 3-handle maps on link Floer homology obviously reduce to the 1-handle and 3-handle
maps used to construct the graph cobordism maps. The 2-handle maps on link Floer homology
count holomorphic triangles representing homology classes of triangles with sw(ψ) = s. The graph
cobordism maps for Γ(Σw) count the same triangles. Hence the V = 1 reduction of the link
cobordism map FWi,Fi,s|Wi coincides with F
B
Wi,Γ(Σw)∩Wi,s|Wi , if (Wi,Fi) satisfies condition (RG-2).
Note that the U = 1 reduction of the 2-handle maps is not covered by the above argument (as we
discuss below).
We now consider the claim for link cobordisms satisfying condition (RG-3). In this case, the link
cobordism map is a type-z band map. The band map is defined by counting holomorphic triangles
via the formula
F zB(x) = Fα′,α,β(Θ
w
α′,α,x),
where Θwα′,α denotes the top grw-degree generator. After setting V = 1, the generator Θ
w
α′,α reduces
to the top degree generator Θ+α′,α ∈ HF−(Σ,α′,α,w, s0), and hence F zB reduces to the change of
diagrams map associated to moving the α curves, which induces the identity morphism on the level
of transitive systems of chain complexes. On the other hand, the graph cobordism ([0, 1]×Y,Γ(Σw))
is the identity graph cobordism, so the induced graph cobordism map is also the identity map.
We now consider link cobordisms satisfying condition (RG-4). Given a cobordism (Wi,Fi) satis-
fying condition (RG-4), we can subdivide the cobordism and add trivial strands to the graph, and
replace (Wi,Fi) with a sequence of cobordisms satisfying the following:
(RG-5): (Wi,Fi) is equivalent (as an undecorated link cobordism) to a cylindrical link cobordism.
The subsurface Σw ∩Wi is a regular neighborhood of Γ(Σw)∩Wi. The graph Γ(Σw)∩Wi
satisfies one of the following:
(RG-5a): Γ(Σw) is an elementary flow-graph, of type (EFG-2), and the vertex v0 in the
definition of such an elementary flow-graph, has valence 1.
(RG-5b): Γ(Σw) is the H-shaped graph from Figure 14.4.
The process of manipulating and decomposing link cobordisms (Wi,Fi) satisfying condition (RG-
4) into a sequence of cobordisms satisfying condition (RG-5) is illustrated in Figure 14.6.
Thus, to show that the V = 1 reduction of the link cobordism maps agree with the graph cobordism
maps for a ribbon 1-skeleton of Σw, it is sufficient instead to show the claim for link cobordisms
with embedded ribbon 1-skeletons satisfying one of conditions (RG-5a) or (RG-5b).
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(RG-5a)
(RG-5b)
(RG-5a)
(RG-5b)
Figure 14.6. Decomposing a link cobordism and ribbon 1-skeleton which
satisfies (RG-4) into a sequence of link cobordisms with ribbon 1-
skeletons which satisfy (RG-5). Dividing sets on surfaces of the form [0, 1]× L
are shown, as well as the graph Γ(Σw) ⊆ Σw. These are inside of the link cobordism
([0, 1]× Y ) (not shown).
If (Wi,Fi) satisfies condition (RG-5a), then the link cobordism map is equal to S+w,z or S−w,z,
where w is the basepoint on the single component of (Σw) ∩Wi which is a bigon. Similarly, the
graph cobordism map is easily seen to be S+w or S
−
w . From the definition of the quasi-stabilization
maps, it is clear that
S◦w,z|V=1 ' S◦w,
proving the reduction formula if (Wi,Fi) satisfies condition (RG-5a).
If (Wi,Fi) satisfies condition (RG-5b), then the graph Γ(Σw) is the H graph from Figure 14.4
and Σw is a regular neighborhood of Γ(Σw). The link cobordism (Wi,Fi) and the graph Γ(Σw)∩Fi
is shown with orientations and cyclic orders in Figure 14.7.
w2 w1
w2 w1
λ
w1w2
w1w2
z
z
Figure 14.7. A cylindrical link cobordism with H-shaped subsurface Σw
and the corresponding graph cobordism. Orientations and cyclic orders are
shown.
We can write the link cobordism maps as a composition of two quasi-stabilizations:
FW,F,s ' T+w2,zT−w2,z ' Ψz,
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where z is the basepoint corresponding to either of the two bigons of type Σz. By Lemma 14.12, the
V = 1 reduction of the link cobordism map is
Ψz|V=1 ' Bλ + Uw1Φw1 .
By Lemma 14.11, this is equal to the type-B graph cobordism map FB[0,1]×Y,Γ(Σw),s, completing the
proof of the claim if (Wi,Fi) satisfies condition (RG-5b).
Having proven the claim for link cobordisms satisfying one (RG-1)–(RG-4), it now follows from
the composition law that FW,F,s|V=1 ' FBW,Γ(Σw),s for a general decorated link cobordism (W,F).
We now consider the U = 1 reduction of the link cobordism maps. The above strategy is easily
adapted to consider these maps, however there are several slight differences. Firstly, the 2-handle
maps for FW,F,s count holomorphic triangles with underlying homology class ψ satisfying sw(ψ) = s,
while the 2-handle maps for FBW,Γ(Σz),s count holomorphic triangles which satisfy sz(ψ) = s. However,
by [Zem17b, Lemma 3.9], one has
sw(ψ)− sz(ψ) = PD [Σ],
where [Σ] ∈ H2(W,∂W ;Z) denotes the homology class of the surface in the link cobordism. Hence,
for a 2-handle cobordism, one has
FWi,Fi,s|Wi |U=1 ' FAWi,Γ(Σz)∩Wi,(s−PD[Σ])|Wi .
Finally for link cobordisms satisfying (RG-5b) (but now with Σz having an H-shaped component,
instead of Σw), we note that the induced link cobordism map is Φw, for a w basepoint in the
boundary of one of the bigon components of Σw. By Lemma 14.13, we have
Φw|U=1 ' Aλ + Vz1Ψz1 ,
which is the type-A graph cobordism map FAWi,Γ(Σz)∩Wi,(s−PD[Σ])|Wi by Lemma 14.11 (note that
the change in Spinc structures, in this case, is simply due to the change in Spinc structures of the
reductions of the link Floer complexes, from Lemma 3.3). Hence we conclude that, in general
FW,F,s|U=1 ' FAW,Γ(Σz),s−PD[Σ].

It is clear from the previous argument that the FW,F,s|V=1 reduction depends only on the graph
Γ(Σw) and s. Similarly it is clear that the reduction FW,F,s|U=1 depends only on Γ(Σz) and s −
PD [Σ]. Hence Corollary E follows.
14.6. Constructing the graph TQFT as the reduction of the link Floer TQFT. In the
previous section, we showed that the link cobordism maps reduce to the graph cobordism maps,
which were constructed using other techniques in [Zem15]. In this section, we show that the link
Floer TQFT can be used directly to construct a TQFT for cobordisms with embedded ribbon
graphs. To see this, we show that given a ribbon graph cobordism (W,Γ) one can always associate
a decorated link cobordism F(Γ), which is well-defined up to a small ambiguity. We will show that
the ambiguity does not effect the maps. It will then follow that we get an alternate construction
and proof of invariance of the graph cobordism maps from [Zem15].
By Lemma 14.3, to a ribbon graph cobordism (W,Γ), we can associate a ribbon surface cobordism
(W,RΓ), which is well-defined up to isotopy. The normal bundle to the surface RΓ is an oriented
2-plane bundle, over a space homotopy equivalent to a graph, so it is trivializable. We can pick a
section v of the normal bundle, and use it to push off a copy R′Γ of RΓ (in such a way which keeps
∂RΓ ∩ intW fixed). We define a decorated link cobordism F(Γ) to be the union of RΓ and R′Γ
(giving R′Γ the opposite orientation). By Theorem C, we have that
FW,F(Γ),s|V=1 ' FAW,Γ,s.
The surface F(Γ) is not quite well-defined, since the vector v is not uniquely specified, even up
to isotopy, since a choice of such a vector field v is equivalent to a choice of map from Γ to S1. The
ambiguity thus lies in twisting along the edges of the graph. However the induced link cobordism
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map for different choices of the vector field v can differ by the diffeomorphism map induced by
twisting along doubly based unknot, but the map induced by such a twist is clearly the identity map
(one simply considers a diagram where the two basepoints of the knot are right next to each other).
Hence the map FW,F(Γ),s is independent of the choice of vector field v, normal to RΓ.
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